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Abstract
This paper explores an ML-based method for SubIso, the graph pat-
tern matching problem. Given a graph 𝐺 and a pattern 𝑄 , SubIso
is to find all subgraphs of 𝐺 that are isomorphic to 𝑄 . We show
that SubIso is EnumP-complete, where EnumP is the class of enu-
meration problems that is the enumeration counterpart of NP. We
study revisions VF3𝑀 of VF3, a well-known algorithm for SubIso,
by taking anMLmodelM as an oracle. ModelM predicts candidate
matches, and VF3𝑀 verifies the matches, reducing costly backtrack-
ing. We investigate whether VF3𝑀 can be (a) output polynomial,
i.e., its time cost can be expressed as a polynomial in the sizes of
the input and output, (b) consistent, i.e., its accuracy approaches
100% whenM gives error-free predictions, and (c) 𝛽-robust, i.e., its
accuracy is at least 𝛽 even whenM gives arbitrarily bad predictions.

We establish several results, positive and negative. On the nega-
tive side, we show that it is impossible for VF3𝑀 to be both output
polynomial and 𝛽-robust with a positive constant 𝛽 unless P = fewP,
a problem as hard as P = NP. On the positive side, we develop three
versions of VF3𝑀 that are (a) consistent, and (b) either 1-robust or
output polynomial with a high probability. We also train a modelM
for VF3𝑀 . Using real-life and synthetic data, we show that VF3𝑀
is up to 15.75×–21× faster than VF3, with F1-score 0.98.

1 Introduction
Graph pattern matching is the problem that, given a pattern 𝑄 and
a graph 𝐺 , computes the set 𝑄 (𝐺) of all matches of 𝑄 in 𝐺 , i.e., all
subgraphs of 𝐺 that are isomorphic to 𝑄 . It has been widely used
in graph databases, biochemistry, computer vision, social network
analysis and fraud detection, among other things. We refer to the
problem as SubIso. Its decision version is to decide, given 𝑄 and 𝐺 ,
whether there exists a match of 𝑄 in 𝐺 . The decision problem is
NP-complete (cf. [43]). Hence unless P = NP, it is unlikely to find
an exact polynomial-time (PTIME) algorithm for SubIso.

For PTIME algorithms of an intractable problem, the study has
mostly focused on its combinatorial optimization version to find
an optimal (maximum or minimum) solution, based on one of the
following approaches: (a) approximation, to find a solution that is at
most a factor from the optimal one, (b) heuristic, which may work
well in many cases but offer no proof for its accuracy and efficiency,
(3) randomization, to get a fast average running time but allow to
fail with a small probability, and (4) parameterization, to get PTIME
algorithms when certain input parameters are fixed [42].

While the decision version of SubIso is hard, the enumeration
problem SubIso is more challenging. In practice we often need to
find all the answers to a computational problem. When we answer
an SQL query𝑄 ′, we compute all answers to𝑄 ′ in a dataset, not just
the existence of a solution or an optimal one. For SubIso, we have to
find all matches of a pattern𝑄 in a graph𝐺 in order to, e.g., answer
an SPARQL pattern query, or to compute the confidence of rules [41].
However, SubIso is inherently exponential since the number of
matches may be 𝑂 ( |𝐺 | |𝑄 | ) in the worst case. Moreover, the prior
approaches to developing algorithms for decision and optimization

problems no longer work well for enumeration problems.
Does there exist an efficient and accurate algorithm for SubIso?

An ML-based approach. We explore an approach towards SubIso
by taking machine learning (ML) models as oracles. For PoC, we
pick VF3 [28, 29], a well-known exact algorithm for SubIso, and
revise it by employing an ML modelM to predict whether a partial
match 𝜌 of pattern𝑄 is valid, i.e., it can be extended to a full match in
𝐺 . We follow the prediction of M, recursively enumerate matches
as in VF3, but may skip its costly backtracking when M predicts 𝜌
to be invalid. We refer to such revisions of VF3 as VF3𝑀 .

Intuitively, we want to unify algorithmic methods and ML pre-
dictions. On the one hand, SubIso algorithms have been studied for
decades. On the other hand, ML models have proven effective in
a variety of applications. Hence, it is natural to combine the two
and take advantage of both. Moreover, even when we cannot find
a good model M now, when ML techniques evolve, the quality of
M predictions will improve and VF3𝑀 will get more accurate.

The idea is not entirely new. Algorithms with ML predictions
have been studied for decision problems [24, 25, 32, 34, 64, 70, 76, 77,
82, 85, 95]. There has also been work on learning meta-algorithms
for optimization problems [61]. However, the prior methods (a) do
not carry over to SubIso, an enumeration problem, (b) rely on ML
alone, instead of unifying algorithmic methods and ML predictions,
and (c) guarantee neither the accuracy nor the efficiency (see below).

Challenges. It is nontrivial to develop VF3𝑀 algorithms that are
both accurate and efficient, measured by the following criteria.

(1) Output polynomial. Ideally, wewantVF3𝑀 to enumeratematches
in PTIME in the sizes of the input and output (assuming that apply-
ing M is in PTIME after M is trained, as commonly found in prac-
tice). An enumeration problem with such an exact algorithm is con-
sidered “tractable” and is in the complexity classOutputP [27]. How-
ever, we show that SubIso is EnumP-complete, where EnumP [92]
is the class of enumeration problems for which the correctness of a
candidate solution can be checked in PTIME, and is the enumeration
equivalent of NP. Hence, SubIso is one of the hardest problems in
EnumP. It is known that EnumP ≠ OutputP unless P = NP [27].

(2) Consistency and robustness. Obviously, the accuracy of VF3𝑀 is
impacted by the rate of false positives (FPs) and false negatives
(FNs) of its embedded ML modelM. This said, we want VF3𝑀 to
be both (a) consistent, i.e., it accuracy approaches 100% when the
predictions of M are error-free, and (b) 𝛽-robust for a bound 𝛽 ,
i.e., its accuracy is at least 𝛽 even when M gives arbitrarily bad
predictions. That is, themore accurateM is, themore reliableVF3𝑀
is. Moreover, VF3𝑀 still performs well even when M is inaccurate.

Does there exist VF3𝑀 such that it is consistent, 𝛽-robust (for a
positive constant 𝛽) and output polynomial at the same time?

Contributions and organization. This paper aims to develop a
better understanding of these issues. We establish several results
about SubIso; some results are positive, while some are negative.
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(1) EnumP-hardness (Section 2). We show that SubIso is EnumP-
complete. Thus unless P = NP, one cannot expect to find an exact
algorithm for SubIso that is output polynomial, i.e., its cost can be
expressed as a polynomial in the sizes of input and output. On
the positive side, if we find an output-polynomial enumeration
algorithm for SubIso, then all the enumeration problems in EnumP
will have a “tractable” accurate algorithm, since all such problems
can be reduced to SubIso with PTIME parsimonious reductions, i.e.,
transformations that preserve the number of solutions.

(2) Algorithms VF3𝑀 (Section 3). We then develop three VF3𝑀 al-
gorithms for SubIso by incorporating an ML model M into VF3,
denoted by VF3𝑁

𝑀
, VF3𝑂

𝑀
and VF3𝐷

𝑀
, respectively, adopting different

backup plans when the predictions ofM may be bad. VF3𝑁
𝑀

opts
to completely trustM and follows its predictions without backup.
VF3𝑂

𝑀
trusts M only if its confidence is high, and resorts to VF3 as

a backup otherwise. VF3𝐷
𝑀

conducts deep checking ifM predicts
false, to further reduce FNs and improve the robustness. The three
strive for efficiency, accuracy and their balance, respectively.

(3) Performance guarantees (Section 4). We show a negative result:
unless P = fewP, there exists no algorithm for SubIso that is both
output-polynomial and 𝛽-robust for a positive constant 𝛽 ; here fewP
is the class of problems that can be recognized by a nondeterministic
Turing machine in PTIME and have polynomially-bounded number
of solutions [9]. We know that fewP = P is as hard as P = NP [36].

On the positive side, we show the following: (a) the precision of
the three VF3𝑀 algorithms is always 1, i.e., any solution found by
VF3𝑀 is guaranteed to be correct for SubIso; hence they have no
FP; (b) all the algorithms are consistent, i.e., its accuracy (F1-score)
warrants to be 100% when M is error-free, i.e., there is neither
FP nor FN in this case; (c) VF3𝑂

𝑀
and VF3𝐷

𝑀
are “almost” 1-robust

with recall = 1 whenM predictions have a high confidence; and (d)
with a high probability, VF3𝑁

𝑀
is “almost” output polynomial and is

𝛽-robust for 𝛽 determined by the size of output.

(4) ML modelM (Section 5). We train an ML model M for VF3𝑀
algorithms. Departing from previous models for subgraph matching
or counting, it predicts whether a partial match is valid. We adopt
IDGNN [107] for vertex embedding, develop a partition-based
strategy to embed patterns and graphs and encode the given partial
match, make a prediction using the order-embedding space, and
return a confidence of the prediction via a multilayer perceptron.
Moreover, we enrich training data to ensure the robustness ofM.

(5) Effectiveness (Section 6). Using real-life and synthetic graphs,
we experimentally find the following. (a) By unifying algorithmic
methods and ML predictions, VF3𝑁

𝑀
, VF3𝑂

𝑀
and VF3𝐷

𝑀
speed up

VF3 by 10.35×, 9.63× and 8.40× on average, respectively, up to 21×,
19.38× and 15.75×. (b) The VF3𝑀 algorithms are accurate. They are
consistent (i.e., their precision is constantly 1), and their average
F1 scores are 0.44, 0.95 and 0.98, respectively, up to 0.62, 0.99 and
0.99. (c) Algorithms VF3𝑂

𝑀
and VF3𝐷

𝑀
are robust: their F1 scores are

above 0.9, even when the embedded ML model has error rate 0.5. (d)
Our ML modelM is 15% more accurate than subgraph matching
and counting models on average, up to 29%.

We discuss related work in Section 7 and future work in Section 8.

The detailed proofs of the results of the paper are deferred to [2].

2 SubIso, EnumP, and OutputP
This section reviews the SubIso problem and complexity classes
EnumP and OutputP. We show that SubIso is EnumP-complete.

Graphs. Assume a countably infinite set Γ of symbols for labels.
We consider labeled directed graphs 𝐺 = (𝑉 , 𝐸, 𝐿), where (a) 𝑉 is a
finite set of vertices, (b) 𝐸 ⊆ 𝑉 × Γ × 𝑉 is a finite set of edges in
which (𝑣1, 𝑙, 𝑣2) is an edge labeled 𝑙 ∈ Γ from 𝑣1 to 𝑣2, and (c) 𝐿 is a
function such that for each vertex 𝑣 ∈ 𝑉 , 𝐿(𝑣) ∈ Γ is its label.

Graph pattern matching. We next present SubIso.
Patterns. A graph pattern is a connected graph 𝑄 = (𝑉𝑄 , 𝐸𝑄 , 𝐿𝑄 ),
where (a)𝑉𝑄 (resp. 𝐸𝑄 ) is a finite set of pattern vertices (resp. edges),
and (b) 𝐿𝑄 assigns a label 𝐿𝑄 (𝑢) to each pattern vertex 𝑢 ∈ 𝑉𝑄 .
Matching. A full match of pattern𝑄 in a graph𝐺 is a bijective map-
ping from𝑉𝑄 to𝑉 ′ of a subgraph𝐺 ′ = (𝑉 ′, 𝐸′, 𝐿′) of𝐺 such that (a)
for each vertex 𝑢 in 𝑉𝑄 , 𝐿𝑄 (𝑢) = 𝐿′ (ℎ(𝑢)); and (b) 𝑒 = (𝑢, 𝑙,𝑢′) is
an edge in 𝐸𝑄 iff 𝑒′ = (ℎ(𝑢), 𝑙, ℎ(𝑢′)) is an edge in 𝐸′ for label 𝑙 in Γ.

SubIso. The numeration problem SubIso is stated as follows.
◦ Input: A graph pattern 𝑄 and a graph 𝐺 .
◦ Output: The set 𝑄 (𝐺) of all full matches of 𝑄 in 𝐺 .
The set 𝑄 (𝐺) may have 𝑂 ( |𝐺 | |𝑄 | ) many matches of 𝑄 in 𝐺 .

Partial match. A partial match of 𝑄 in 𝐺 is a bijective mapping 𝜌
from a subgraph of𝑄 to a subgraph of𝐺 as above. Match 𝜌 is called
valid if it can be extended to be a full match ℎ of 𝑄 in 𝐺 such that
for each 𝑢 ∈ 𝑉𝑄 , 𝜌 (𝑢) = ℎ(𝑢) if 𝜌 (𝑢) is defined. Full matches are a
special case of partial matches that cannot be further extended.

Example 1: Given graph 𝐺 and pattern 𝑄 depicted in Figure 1,
there exists a unique full match of 𝑄 in 𝐺 , i.e., the leftmost part
of 𝐺 . Consider two partial matches 𝜌1 and 𝜌2 (colored in red and
indicated by blue circles, respectively). (1) Partial match 𝜌1 is valid,
as it can be extended to the match in𝐺 . (2) However, 𝜌2 is not valid
since when mapping 𝑢5 to𝑤1

2 , vertex 𝑢6 finds no match in 𝐺 . 2

Complexity classes. We consider two complexity classes EnumP
and OutputP (see [27]). Let Σ be a finite alphabet and Σ∗ be the set
of finite words built on Σ. For a binary predicate 𝐵 ⊆ Σ∗ × Σ∗, we
write 𝐵(𝑥) for the set of 𝑦 such that 𝐵(𝑥,𝑦) holds. To simplify the
discussion, we consider predicates 𝐵 such that 𝐵(𝑥) is finite for all 𝑥 .

The enumeration problem Π𝐵 is the function that associates 𝐵(𝑥)
to 𝑥 . Intuitively, it lists all solutions 𝑦 to problem instance 𝑥 .
EnumP. EnumP is the class of enumeration problems Π𝐵 such that
𝐵 ∈ P, i.e., it is in PTIME to check whether 𝐵(𝑥,𝑦) holds (whether
𝑦 is a solution to 𝑥 ). It is the equivalent of NP in enumeration.

An EnumP-complete problem is a problem in EnumP to which
all problems in EnumP can be reduced by parsimonious reductions.
A parsimonious reduction 𝑅 from a problem 𝐴 to problem 𝐵 is a
PTIME transformation from instances of 𝐴 to instances of 𝐵 such
that for any instance 𝑥 of 𝐴, the number of solutions to 𝑥 is equal
to the number of solutions to instance 𝑅(𝑥) of problem 𝐵 [81].

Proposition 1: SubIso is EnumP-complete. 2

Proof sketch:We show that SubIso is EnumP-complete by parsi-
monious reduction from ΠSAT. Problem ΠSAT is to enumerate all

2



 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a

 <latexit sha1_base64="uQXnlRXdKXA9AhqqNiQZFcourTQ=">AAAB9XicbVDLSgNBEOz1GeMr6kXwspgIOYVdD9GbAS8eI5gHJEuYncwmQ2Zml5lZJSz5Dy8eFBFv/oOf4M0v8CtMnDwOmljQUFR1093lR4wq7Tif1tLyyuraemojvbm1vbOb2duvqjCWmFRwyEJZ95EijApS0VQzUo8kQdxnpOb3Lsd+7ZZIRUNxo/sR8TjqCBpQjLSROpCDGFrgQm44Go5amaxTcCawF4k7I9mL7/fw6/CVl1uZj2Y7xDEnQmOGlGq4TqS9BElNMSODdDNWJEK4hzqkYahAnCgvmVw9sE+M0raDUJoS2p6ovycSxJXqc990cqS7at4bi/95jVgH515CRRRrIvB0URAzW4f2OAK7TSXBmvUNQVhSc6uNu0girE1QaROCO//yIqmeFtxioXjtZkt5mCIFR3AMeRPmGZTgCspQAQwS7uERnqw768F6tl6mrUvWbOYA/sB6+wE7fJbF</latexit>

u1
<latexit sha1_base64="uQXnlRXdKXA9AhqqNiQZFcourTQ=">AAAB9XicbVDLSgNBEOz1GeMr6kXwspgIOYVdD9GbAS8eI5gHJEuYncwmQ2Zml5lZJSz5Dy8eFBFv/oOf4M0v8CtMnDwOmljQUFR1093lR4wq7Tif1tLyyuraemojvbm1vbOb2duvqjCWmFRwyEJZ95EijApS0VQzUo8kQdxnpOb3Lsd+7ZZIRUNxo/sR8TjqCBpQjLSROpCDGFrgQm44Go5amaxTcCawF4k7I9mL7/fw6/CVl1uZj2Y7xDEnQmOGlGq4TqS9BElNMSODdDNWJEK4hzqkYahAnCgvmVw9sE+M0raDUJoS2p6ovycSxJXqc990cqS7at4bi/95jVgH515CRRRrIvB0URAzW4f2OAK7TSXBmvUNQVhSc6uNu0girE1QaROCO//yIqmeFtxioXjtZkt5mCIFR3AMeRPmGZTgCspQAQwS7uERnqw768F6tl6mrUvWbOYA/sB6+wE7fJbF</latexit>

u1

 <latexit sha1_base64="SXtH7j0pCyk5l34gpG5LWlDhHuc=">AAAB9XicbVDLSgNBEOyNrxhfUS+Cl8VEyCns5hC9GfDiMYJ5QLKE2ckkGTKzs8zMKmHJf3jxoIh48x/8BG9+gV9h4uRx0MSChqKqm+4uP2RUacf5tBIrq2vrG8nN1Nb2zu5eev+gqkQkMalgwYSs+0gRRgNS0VQzUg8lQdxnpOb3Lyd+7ZZIRUVwowch8TjqBrRDMdJG6kIWImhBAbKj8WjcSmecvDOFvUzcOclcfL+Lr6NXXm6lP5ptgSNOAo0ZUqrhOqH2YiQ1xYwMU81IkRDhPuqShqEB4kR58fTqoX1qlLbdEdJUoO2p+nsiRlypAfdNJ0e6pxa9ifif14h059yLaRBGmgR4tqgTMVsLexKB3aaSYM0GhiAsqbnVxj0kEdYmqJQJwV18eZlUC3m3mC9eu5lSDmZIwjGcQA5cOIMSXEEZKoBBwj08wpN1Zz1Yz9bLrDVhzWcO4Q+stx89BpbG</latexit>

u2
<latexit sha1_base64="SXtH7j0pCyk5l34gpG5LWlDhHuc=">AAAB9XicbVDLSgNBEOyNrxhfUS+Cl8VEyCns5hC9GfDiMYJ5QLKE2ckkGTKzs8zMKmHJf3jxoIh48x/8BG9+gV9h4uRx0MSChqKqm+4uP2RUacf5tBIrq2vrG8nN1Nb2zu5eev+gqkQkMalgwYSs+0gRRgNS0VQzUg8lQdxnpOb3Lyd+7ZZIRUVwowch8TjqBrRDMdJG6kIWImhBAbKj8WjcSmecvDOFvUzcOclcfL+Lr6NXXm6lP5ptgSNOAo0ZUqrhOqH2YiQ1xYwMU81IkRDhPuqShqEB4kR58fTqoX1qlLbdEdJUoO2p+nsiRlypAfdNJ0e6pxa9ifif14h059yLaRBGmgR4tqgTMVsLexKB3aaSYM0GhiAsqbnVxj0kEdYmqJQJwV18eZlUC3m3mC9eu5lSDmZIwjGcQA5cOIMSXEEZKoBBwj08wpN1Zz1Yz9bLrDVhzWcO4Q+stx89BpbG</latexit>

u2

 <latexit sha1_base64="/w9pDiKzMLq4ycQ2LIfPpB3vZVc=">AAAB9XicbVDLSgNBEOyNrxhfUS+Cl8FEyCnsKkRvBrx4jGAekIQwO5lNhszOLjOzSljyH148KCLe/Ac/wZtf4FeYOHkcNLGgoajqprvLDTlT2rY/rcTS8srqWnI9tbG5tb2T3t2rqCCShJZJwANZc7GinAla1kxzWgslxb7LadXtXY796i2VigXiRvdD2vRxRzCPEayN1IEsRNCCU8gOR8NRK52x8/YEaJE4M5K5+H4Pvg5e/VIr/dFoByTyqdCEY6Xqjh3qZoylZoTTQaoRKRpi0sMdWjdUYJ+qZjy5eoCOjdJGXiBNCY0m6u+JGPtK9X3XdPpYd9W8Nxb/8+qR9s6bMRNhpKkg00VexJEO0DgC1GaSEs37hmAimbkVkS6WmGgTVMqE4My/vEgqJ3mnkC9cO5liDqZIwiEcQQ4cOIMiXEEJykBAwj08wpN1Zz1Yz9bLtDVhzWb24Q+stx8+kJbH</latexit>

u3
<latexit sha1_base64="/w9pDiKzMLq4ycQ2LIfPpB3vZVc=">AAAB9XicbVDLSgNBEOyNrxhfUS+Cl8FEyCnsKkRvBrx4jGAekIQwO5lNhszOLjOzSljyH148KCLe/Ac/wZtf4FeYOHkcNLGgoajqprvLDTlT2rY/rcTS8srqWnI9tbG5tb2T3t2rqCCShJZJwANZc7GinAla1kxzWgslxb7LadXtXY796i2VigXiRvdD2vRxRzCPEayN1IEsRNCCU8gOR8NRK52x8/YEaJE4M5K5+H4Pvg5e/VIr/dFoByTyqdCEY6Xqjh3qZoylZoTTQaoRKRpi0sMdWjdUYJ+qZjy5eoCOjdJGXiBNCY0m6u+JGPtK9X3XdPpYd9W8Nxb/8+qR9s6bMRNhpKkg00VexJEO0DgC1GaSEs37hmAimbkVkS6WmGgTVMqE4My/vEgqJ3mnkC9cO5liDqZIwiEcQQ4cOIMiXEEJykBAwj08wpN1Zz1Yz9bLtDVhzWb24Q+stx8+kJbH</latexit>

u3

 <latexit sha1_base64="nPzrKUagS8IDEegBU3s4khrGVGY=">AAAB9XicbVDLSgNBEOyNrxhfUS+Cl8FEyCnsikRvBrx4jGAekIQwO5lNhszOLjOzSljyH148KCLe/Ac/wZtf4FeYOHkcNLGgoajqprvLDTlT2rY/rcTS8srqWnI9tbG5tb2T3t2rqCCShJZJwANZc7GinAla1kxzWgslxb7LadXtXY796i2VigXiRvdD2vRxRzCPEayN1IEsRNCCU8gOR8NRK52x8/YEaJE4M5K5+H4Pvg5e/VIr/dFoByTyqdCEY6Xqjh3qZoylZoTTQaoRKRpi0sMdWjdUYJ+qZjy5eoCOjdJGXiBNCY0m6u+JGPtK9X3XdPpYd9W8Nxb/8+qR9s6bMRNhpKkg00VexJEO0DgC1GaSEs37hmAimbkVkS6WmGgTVMqE4My/vEgqJ3mnkC9cO5liDqZIwiEcQQ4cOIMiXEEJykBAwj08wpN1Zz1Yz9bLtDVhzWb24Q+stx9AGpbI</latexit>

u4
<latexit sha1_base64="nPzrKUagS8IDEegBU3s4khrGVGY=">AAAB9XicbVDLSgNBEOyNrxhfUS+Cl8FEyCnsikRvBrx4jGAekIQwO5lNhszOLjOzSljyH148KCLe/Ac/wZtf4FeYOHkcNLGgoajqprvLDTlT2rY/rcTS8srqWnI9tbG5tb2T3t2rqCCShJZJwANZc7GinAla1kxzWgslxb7LadXtXY796i2VigXiRvdD2vRxRzCPEayN1IEsRNCCU8gOR8NRK52x8/YEaJE4M5K5+H4Pvg5e/VIr/dFoByTyqdCEY6Xqjh3qZoylZoTTQaoRKRpi0sMdWjdUYJ+qZjy5eoCOjdJGXiBNCY0m6u+JGPtK9X3XdPpYd9W8Nxb/8+qR9s6bMRNhpKkg00VexJEO0DgC1GaSEs37hmAimbkVkS6WmGgTVMqE4My/vEgqJ3mnkC9cO5liDqZIwiEcQQ4cOIMiXEEJykBAwj08wpN1Zz1Yz9bLtDVhzWb24Q+stx9AGpbI</latexit>

u4

 <latexit sha1_base64="oDLtkgcdYWwS7pO62NJlBEWdlEY=">AAAB9XicbVDLSgNBEOyNrxhfUS+Cl8FEyCnsCkZvBrx4jGAekIQwO5lNhszOLjOzSljyH148KCLe/Ac/wZtf4FeYOHkcNLGgoajqprvLDTlT2rY/rcTS8srqWnI9tbG5tb2T3t2rqCCShJZJwANZc7GinAla1kxzWgslxb7LadXtXY796i2VigXiRvdD2vRxRzCPEayN1IEsRNCCU8gOR8NRK52x8/YEaJE4M5K5+H4Pvg5e/VIr/dFoByTyqdCEY6Xqjh3qZoylZoTTQaoRKRpi0sMdWjdUYJ+qZjy5eoCOjdJGXiBNCY0m6u+JGPtK9X3XdPpYd9W8Nxb/8+qR9s6bMRNhpKkg00VexJEO0DgC1GaSEs37hmAimbkVkS6WmGgTVMqE4My/vEgqJ3mnkC9cO5liDqZIwiEcQQ4cOIMiXEEJykBAwj08wpN1Zz1Yz9bLtDVhzWb24Q+stx9BpJbJ</latexit>

u5
<latexit sha1_base64="oDLtkgcdYWwS7pO62NJlBEWdlEY=">AAAB9XicbVDLSgNBEOyNrxhfUS+Cl8FEyCnsCkZvBrx4jGAekIQwO5lNhszOLjOzSljyH148KCLe/Ac/wZtf4FeYOHkcNLGgoajqprvLDTlT2rY/rcTS8srqWnI9tbG5tb2T3t2rqCCShJZJwANZc7GinAla1kxzWgslxb7LadXtXY796i2VigXiRvdD2vRxRzCPEayN1IEsRNCCU8gOR8NRK52x8/YEaJE4M5K5+H4Pvg5e/VIr/dFoByTyqdCEY6Xqjh3qZoylZoTTQaoRKRpi0sMdWjdUYJ+qZjy5eoCOjdJGXiBNCY0m6u+JGPtK9X3XdPpYd9W8Nxb/8+qR9s6bMRNhpKkg00VexJEO0DgC1GaSEs37hmAimbkVkS6WmGgTVMqE4My/vEgqJ3mnkC9cO5liDqZIwiEcQQ4cOIMiXEEJykBAwj08wpN1Zz1Yz9bLtDVhzWb24Q+stx9BpJbJ</latexit>

u5

 <latexit sha1_base64="0nBl1YM/0xhbrpY0lQT98BTZihI=">AAAB7HicbZC7SgNBFIbPxluMt6iNYLOYCKnCrkW0M2BjGcFNAskSZiezyZC5LDOzQgh5BhsLRWzF5/AR7HwCn0Jwcik08YeBj/8/hznnRAmj2njep5NZWV1b38hu5ra2d3b38vsHdS1ThUmAJZOqGSFNGBUkMNQw0kwUQTxipBENriZ5444oTaW4NcOEhBz1BI0pRsZaQTHtVIqdfMEre1O5y+DPoXD5/S6/jt54rZP/aHclTjkRBjOkdcv3EhOOkDIUMzLOtVNNEoQHqEdaFgXiRIej6bBj99Q6XTeWyj5h3Kn7u2OEuNZDHtlKjkxfL2YT87+slZr4IhxRkaSGCDz7KE6Za6Q72dztUkWwYUMLCCtqZ3VxHymEjb1Pzh7BX1x5GepnZb9Srtz4hWoJZsrCMZxACXw4hypcQw0CwEDhHh7hyRHOg/PsvMxKM8685xD+yHn9AdL3km0=</latexit>

u6
<latexit sha1_base64="0nBl1YM/0xhbrpY0lQT98BTZihI=">AAAB7HicbZC7SgNBFIbPxluMt6iNYLOYCKnCrkW0M2BjGcFNAskSZiezyZC5LDOzQgh5BhsLRWzF5/AR7HwCn0Jwcik08YeBj/8/hznnRAmj2njep5NZWV1b38hu5ra2d3b38vsHdS1ThUmAJZOqGSFNGBUkMNQw0kwUQTxipBENriZ5444oTaW4NcOEhBz1BI0pRsZaQTHtVIqdfMEre1O5y+DPoXD5/S6/jt54rZP/aHclTjkRBjOkdcv3EhOOkDIUMzLOtVNNEoQHqEdaFgXiRIej6bBj99Q6XTeWyj5h3Kn7u2OEuNZDHtlKjkxfL2YT87+slZr4IhxRkaSGCDz7KE6Za6Q72dztUkWwYUMLCCtqZ3VxHymEjb1Pzh7BX1x5GepnZb9Srtz4hWoJZsrCMZxACXw4hypcQw0CwEDhHh7hyRHOg/PsvMxKM8685xD+yHn9AdL3km0=</latexit>

u6

 <latexit sha1_base64="22mK0FLBVZcpf+ZnRDEiBx+2ATQ=">AAAB9XicbVDLSgNBEOz1GeMr6kXwspgIOYVdD9GbAS8eI5gHJEuYncwmQ2Zml5lZJSz5Dy8eFBFv/oOf4M0v8CtMnDwOmljQUFR1093lR4wq7Tif1tLyyuraemojvbm1vbOb2duvqjCWmFRwyEJZ95EijApS0VQzUo8kQdxnpOb3Lsd+7ZZIRUNxo/sR8TjqCBpQjLSROpCDGFpwBrnhaDhqZbJOwZnAXiTujGQvvt/Dr8NXXm5lPprtEMecCI0ZUqrhOpH2EiQ1xYwM0s1YkQjhHuqQhqECcaK8ZHL1wD4xStsOQmlKaHui/p5IEFeqz33TyZHuqnlvLP7nNWIdnHsJFVGsicDTRUHMbB3a4wjsNpUEa9Y3BGFJza027iKJsDZBpU0I7vzLi6R6WnCLheK1my3lYYoUHMEx5ME1cZbgCspQAQwS7uERnqw768F6tl6mrUvWbOYA/sB6+wFEuJbL</latexit>

u7
<latexit sha1_base64="22mK0FLBVZcpf+ZnRDEiBx+2ATQ=">AAAB9XicbVDLSgNBEOz1GeMr6kXwspgIOYVdD9GbAS8eI5gHJEuYncwmQ2Zml5lZJSz5Dy8eFBFv/oOf4M0v8CtMnDwOmljQUFR1093lR4wq7Tif1tLyyuraemojvbm1vbOb2duvqjCWmFRwyEJZ95EijApS0VQzUo8kQdxnpOb3Lsd+7ZZIRUNxo/sR8TjqCBpQjLSROpCDGFpwBrnhaDhqZbJOwZnAXiTujGQvvt/Dr8NXXm5lPprtEMecCI0ZUqrhOpH2EiQ1xYwM0s1YkQjhHuqQhqECcaK8ZHL1wD4xStsOQmlKaHui/p5IEFeqz33TyZHuqnlvLP7nNWIdnHsJFVGsicDTRUHMbB3a4wjsNpUEa9Y3BGFJza027iKJsDZBpU0I7vzLi6R6WnCLheK1my3lYYoUHMEx5ME1cZbgCspQAQwS7uERnqw768F6tl6mrUvWbOYA/sB6+wFEuJbL</latexit>

u7

 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a

 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a

 <latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b
<latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b

 <latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b
<latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b  <latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b
<latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b

 <latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b
<latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b

 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a

 <latexit sha1_base64="uQXnlRXdKXA9AhqqNiQZFcourTQ=">AAAB9XicbVDLSgNBEOz1GeMr6kXwspgIOYVdD9GbAS8eI5gHJEuYncwmQ2Zml5lZJSz5Dy8eFBFv/oOf4M0v8CtMnDwOmljQUFR1093lR4wq7Tif1tLyyuraemojvbm1vbOb2duvqjCWmFRwyEJZ95EijApS0VQzUo8kQdxnpOb3Lsd+7ZZIRUNxo/sR8TjqCBpQjLSROpCDGFrgQm44Go5amaxTcCawF4k7I9mL7/fw6/CVl1uZj2Y7xDEnQmOGlGq4TqS9BElNMSODdDNWJEK4hzqkYahAnCgvmVw9sE+M0raDUJoS2p6ovycSxJXqc990cqS7at4bi/95jVgH515CRRRrIvB0URAzW4f2OAK7TSXBmvUNQVhSc6uNu0girE1QaROCO//yIqmeFtxioXjtZkt5mCIFR3AMeRPmGZTgCspQAQwS7uERnqw768F6tl6mrUvWbOYA/sB6+wE7fJbF</latexit>

u1
<latexit sha1_base64="uQXnlRXdKXA9AhqqNiQZFcourTQ=">AAAB9XicbVDLSgNBEOz1GeMr6kXwspgIOYVdD9GbAS8eI5gHJEuYncwmQ2Zml5lZJSz5Dy8eFBFv/oOf4M0v8CtMnDwOmljQUFR1093lR4wq7Tif1tLyyuraemojvbm1vbOb2duvqjCWmFRwyEJZ95EijApS0VQzUo8kQdxnpOb3Lsd+7ZZIRUNxo/sR8TjqCBpQjLSROpCDGFrgQm44Go5amaxTcCawF4k7I9mL7/fw6/CVl1uZj2Y7xDEnQmOGlGq4TqS9BElNMSODdDNWJEK4hzqkYahAnCgvmVw9sE+M0raDUJoS2p6ovycSxJXqc990cqS7at4bi/95jVgH515CRRRrIvB0URAzW4f2OAK7TSXBmvUNQVhSc6uNu0girE1QaROCO//yIqmeFtxioXjtZkt5mCIFR3AMeRPmGZTgCspQAQwS7uERnqw768F6tl6mrUvWbOYA/sB6+wE7fJbF</latexit>

u1

 <latexit sha1_base64="SXtH7j0pCyk5l34gpG5LWlDhHuc=">AAAB9XicbVDLSgNBEOyNrxhfUS+Cl8VEyCns5hC9GfDiMYJ5QLKE2ckkGTKzs8zMKmHJf3jxoIh48x/8BG9+gV9h4uRx0MSChqKqm+4uP2RUacf5tBIrq2vrG8nN1Nb2zu5eev+gqkQkMalgwYSs+0gRRgNS0VQzUg8lQdxnpOb3Lyd+7ZZIRUVwowch8TjqBrRDMdJG6kIWImhBAbKj8WjcSmecvDOFvUzcOclcfL+Lr6NXXm6lP5ptgSNOAo0ZUqrhOqH2YiQ1xYwMU81IkRDhPuqShqEB4kR58fTqoX1qlLbdEdJUoO2p+nsiRlypAfdNJ0e6pxa9ifif14h059yLaRBGmgR4tqgTMVsLexKB3aaSYM0GhiAsqbnVxj0kEdYmqJQJwV18eZlUC3m3mC9eu5lSDmZIwjGcQA5cOIMSXEEZKoBBwj08wpN1Zz1Yz9bLrDVhzWcO4Q+stx89BpbG</latexit>

u2
<latexit sha1_base64="SXtH7j0pCyk5l34gpG5LWlDhHuc=">AAAB9XicbVDLSgNBEOyNrxhfUS+Cl8VEyCns5hC9GfDiMYJ5QLKE2ckkGTKzs8zMKmHJf3jxoIh48x/8BG9+gV9h4uRx0MSChqKqm+4uP2RUacf5tBIrq2vrG8nN1Nb2zu5eev+gqkQkMalgwYSs+0gRRgNS0VQzUg8lQdxnpOb3Lyd+7ZZIRUVwowch8TjqBrRDMdJG6kIWImhBAbKj8WjcSmecvDOFvUzcOclcfL+Lr6NXXm6lP5ptgSNOAo0ZUqrhOqH2YiQ1xYwMU81IkRDhPuqShqEB4kR58fTqoX1qlLbdEdJUoO2p+nsiRlypAfdNJ0e6pxa9ifif14h059yLaRBGmgR4tqgTMVsLexKB3aaSYM0GhiAsqbnVxj0kEdYmqJQJwV18eZlUC3m3mC9eu5lSDmZIwjGcQA5cOIMSXEEZKoBBwj08wpN1Zz1Yz9bLrDVhzWcO4Q+stx89BpbG</latexit>

u2

 <latexit sha1_base64="/w9pDiKzMLq4ycQ2LIfPpB3vZVc=">AAAB9XicbVDLSgNBEOyNrxhfUS+Cl8FEyCnsKkRvBrx4jGAekIQwO5lNhszOLjOzSljyH148KCLe/Ac/wZtf4FeYOHkcNLGgoajqprvLDTlT2rY/rcTS8srqWnI9tbG5tb2T3t2rqCCShJZJwANZc7GinAla1kxzWgslxb7LadXtXY796i2VigXiRvdD2vRxRzCPEayN1IEsRNCCU8gOR8NRK52x8/YEaJE4M5K5+H4Pvg5e/VIr/dFoByTyqdCEY6Xqjh3qZoylZoTTQaoRKRpi0sMdWjdUYJ+qZjy5eoCOjdJGXiBNCY0m6u+JGPtK9X3XdPpYd9W8Nxb/8+qR9s6bMRNhpKkg00VexJEO0DgC1GaSEs37hmAimbkVkS6WmGgTVMqE4My/vEgqJ3mnkC9cO5liDqZIwiEcQQ4cOIMiXEEJykBAwj08wpN1Zz1Yz9bLtDVhzWb24Q+stx8+kJbH</latexit>

u3
<latexit sha1_base64="/w9pDiKzMLq4ycQ2LIfPpB3vZVc=">AAAB9XicbVDLSgNBEOyNrxhfUS+Cl8FEyCnsKkRvBrx4jGAekIQwO5lNhszOLjOzSljyH148KCLe/Ac/wZtf4FeYOHkcNLGgoajqprvLDTlT2rY/rcTS8srqWnI9tbG5tb2T3t2rqCCShJZJwANZc7GinAla1kxzWgslxb7LadXtXY796i2VigXiRvdD2vRxRzCPEayN1IEsRNCCU8gOR8NRK52x8/YEaJE4M5K5+H4Pvg5e/VIr/dFoByTyqdCEY6Xqjh3qZoylZoTTQaoRKRpi0sMdWjdUYJ+qZjy5eoCOjdJGXiBNCY0m6u+JGPtK9X3XdPpYd9W8Nxb/8+qR9s6bMRNhpKkg00VexJEO0DgC1GaSEs37hmAimbkVkS6WmGgTVMqE4My/vEgqJ3mnkC9cO5liDqZIwiEcQQ4cOIMiXEEJykBAwj08wpN1Zz1Yz9bLtDVhzWb24Q+stx8+kJbH</latexit>

u3

 <latexit sha1_base64="nPzrKUagS8IDEegBU3s4khrGVGY=">AAAB9XicbVDLSgNBEOyNrxhfUS+Cl8FEyCnsikRvBrx4jGAekIQwO5lNhszOLjOzSljyH148KCLe/Ac/wZtf4FeYOHkcNLGgoajqprvLDTlT2rY/rcTS8srqWnI9tbG5tb2T3t2rqCCShJZJwANZc7GinAla1kxzWgslxb7LadXtXY796i2VigXiRvdD2vRxRzCPEayN1IEsRNCCU8gOR8NRK52x8/YEaJE4M5K5+H4Pvg5e/VIr/dFoByTyqdCEY6Xqjh3qZoylZoTTQaoRKRpi0sMdWjdUYJ+qZjy5eoCOjdJGXiBNCY0m6u+JGPtK9X3XdPpYd9W8Nxb/8+qR9s6bMRNhpKkg00VexJEO0DgC1GaSEs37hmAimbkVkS6WmGgTVMqE4My/vEgqJ3mnkC9cO5liDqZIwiEcQQ4cOIMiXEEJykBAwj08wpN1Zz1Yz9bLtDVhzWb24Q+stx9AGpbI</latexit>

u4
<latexit sha1_base64="nPzrKUagS8IDEegBU3s4khrGVGY=">AAAB9XicbVDLSgNBEOyNrxhfUS+Cl8FEyCnsikRvBrx4jGAekIQwO5lNhszOLjOzSljyH148KCLe/Ac/wZtf4FeYOHkcNLGgoajqprvLDTlT2rY/rcTS8srqWnI9tbG5tb2T3t2rqCCShJZJwANZc7GinAla1kxzWgslxb7LadXtXY796i2VigXiRvdD2vRxRzCPEayN1IEsRNCCU8gOR8NRK52x8/YEaJE4M5K5+H4Pvg5e/VIr/dFoByTyqdCEY6Xqjh3qZoylZoTTQaoRKRpi0sMdWjdUYJ+qZjy5eoCOjdJGXiBNCY0m6u+JGPtK9X3XdPpYd9W8Nxb/8+qR9s6bMRNhpKkg00VexJEO0DgC1GaSEs37hmAimbkVkS6WmGgTVMqE4My/vEgqJ3mnkC9cO5liDqZIwiEcQQ4cOIMiXEEJykBAwj08wpN1Zz1Yz9bLtDVhzWb24Q+stx9AGpbI</latexit>

u4

 <latexit sha1_base64="oDLtkgcdYWwS7pO62NJlBEWdlEY=">AAAB9XicbVDLSgNBEOyNrxhfUS+Cl8FEyCnsCkZvBrx4jGAekIQwO5lNhszOLjOzSljyH148KCLe/Ac/wZtf4FeYOHkcNLGgoajqprvLDTlT2rY/rcTS8srqWnI9tbG5tb2T3t2rqCCShJZJwANZc7GinAla1kxzWgslxb7LadXtXY796i2VigXiRvdD2vRxRzCPEayN1IEsRNCCU8gOR8NRK52x8/YEaJE4M5K5+H4Pvg5e/VIr/dFoByTyqdCEY6Xqjh3qZoylZoTTQaoRKRpi0sMdWjdUYJ+qZjy5eoCOjdJGXiBNCY0m6u+JGPtK9X3XdPpYd9W8Nxb/8+qR9s6bMRNhpKkg00VexJEO0DgC1GaSEs37hmAimbkVkS6WmGgTVMqE4My/vEgqJ3mnkC9cO5liDqZIwiEcQQ4cOIMiXEEJykBAwj08wpN1Zz1Yz9bLtDVhzWb24Q+stx9BpJbJ</latexit>

u5
<latexit sha1_base64="oDLtkgcdYWwS7pO62NJlBEWdlEY=">AAAB9XicbVDLSgNBEOyNrxhfUS+Cl8FEyCnsCkZvBrx4jGAekIQwO5lNhszOLjOzSljyH148KCLe/Ac/wZtf4FeYOHkcNLGgoajqprvLDTlT2rY/rcTS8srqWnI9tbG5tb2T3t2rqCCShJZJwANZc7GinAla1kxzWgslxb7LadXtXY796i2VigXiRvdD2vRxRzCPEayN1IEsRNCCU8gOR8NRK52x8/YEaJE4M5K5+H4Pvg5e/VIr/dFoByTyqdCEY6Xqjh3qZoylZoTTQaoRKRpi0sMdWjdUYJ+qZjy5eoCOjdJGXiBNCY0m6u+JGPtK9X3XdPpYd9W8Nxb/8+qR9s6bMRNhpKkg00VexJEO0DgC1GaSEs37hmAimbkVkS6WmGgTVMqE4My/vEgqJ3mnkC9cO5liDqZIwiEcQQ4cOIMiXEEJykBAwj08wpN1Zz1Yz9bLtDVhzWb24Q+stx9BpJbJ</latexit>

u5

 <latexit sha1_base64="0nBl1YM/0xhbrpY0lQT98BTZihI=">AAAB7HicbZC7SgNBFIbPxluMt6iNYLOYCKnCrkW0M2BjGcFNAskSZiezyZC5LDOzQgh5BhsLRWzF5/AR7HwCn0Jwcik08YeBj/8/hznnRAmj2njep5NZWV1b38hu5ra2d3b38vsHdS1ThUmAJZOqGSFNGBUkMNQw0kwUQTxipBENriZ5444oTaW4NcOEhBz1BI0pRsZaQTHtVIqdfMEre1O5y+DPoXD5/S6/jt54rZP/aHclTjkRBjOkdcv3EhOOkDIUMzLOtVNNEoQHqEdaFgXiRIej6bBj99Q6XTeWyj5h3Kn7u2OEuNZDHtlKjkxfL2YT87+slZr4IhxRkaSGCDz7KE6Za6Q72dztUkWwYUMLCCtqZ3VxHymEjb1Pzh7BX1x5GepnZb9Srtz4hWoJZsrCMZxACXw4hypcQw0CwEDhHh7hyRHOg/PsvMxKM8685xD+yHn9AdL3km0=</latexit>

u6
<latexit sha1_base64="0nBl1YM/0xhbrpY0lQT98BTZihI=">AAAB7HicbZC7SgNBFIbPxluMt6iNYLOYCKnCrkW0M2BjGcFNAskSZiezyZC5LDOzQgh5BhsLRWzF5/AR7HwCn0Jwcik08YeBj/8/hznnRAmj2njep5NZWV1b38hu5ra2d3b38vsHdS1ThUmAJZOqGSFNGBUkMNQw0kwUQTxipBENriZ5444oTaW4NcOEhBz1BI0pRsZaQTHtVIqdfMEre1O5y+DPoXD5/S6/jt54rZP/aHclTjkRBjOkdcv3EhOOkDIUMzLOtVNNEoQHqEdaFgXiRIej6bBj99Q6XTeWyj5h3Kn7u2OEuNZDHtlKjkxfL2YT87+slZr4IhxRkaSGCDz7KE6Za6Q72dztUkWwYUMLCCtqZ3VxHymEjb1Pzh7BX1x5GepnZb9Srtz4hWoJZsrCMZxACXw4hypcQw0CwEDhHh7hyRHOg/PsvMxKM8685xD+yHn9AdL3km0=</latexit>

u6

 <latexit sha1_base64="22mK0FLBVZcpf+ZnRDEiBx+2ATQ=">AAAB9XicbVDLSgNBEOz1GeMr6kXwspgIOYVdD9GbAS8eI5gHJEuYncwmQ2Zml5lZJSz5Dy8eFBFv/oOf4M0v8CtMnDwOmljQUFR1093lR4wq7Tif1tLyyuraemojvbm1vbOb2duvqjCWmFRwyEJZ95EijApS0VQzUo8kQdxnpOb3Lsd+7ZZIRUNxo/sR8TjqCBpQjLSROpCDGFpwBrnhaDhqZbJOwZnAXiTujGQvvt/Dr8NXXm5lPprtEMecCI0ZUqrhOpH2EiQ1xYwM0s1YkQjhHuqQhqECcaK8ZHL1wD4xStsOQmlKaHui/p5IEFeqz33TyZHuqnlvLP7nNWIdnHsJFVGsicDTRUHMbB3a4wjsNpUEa9Y3BGFJza027iKJsDZBpU0I7vzLi6R6WnCLheK1my3lYYoUHMEx5ME1cZbgCspQAQwS7uERnqw768F6tl6mrUvWbOYA/sB6+wFEuJbL</latexit>

u7
<latexit sha1_base64="22mK0FLBVZcpf+ZnRDEiBx+2ATQ=">AAAB9XicbVDLSgNBEOz1GeMr6kXwspgIOYVdD9GbAS8eI5gHJEuYncwmQ2Zml5lZJSz5Dy8eFBFv/oOf4M0v8CtMnDwOmljQUFR1093lR4wq7Tif1tLyyuraemojvbm1vbOb2duvqjCWmFRwyEJZ95EijApS0VQzUo8kQdxnpOb3Lsd+7ZZIRUNxo/sR8TjqCBpQjLSROpCDGFpwBrnhaDhqZbJOwZnAXiTujGQvvt/Dr8NXXm5lPprtEMecCI0ZUqrhOpH2EiQ1xYwM0s1YkQjhHuqQhqECcaK8ZHL1wD4xStsOQmlKaHui/p5IEFeqz33TyZHuqnlvLP7nNWIdnHsJFVGsicDTRUHMbB3a4wjsNpUEa9Y3BGFJza027iKJsDZBpU0I7vzLi6R6WnCLheK1my3lYYoUHMEx5ME1cZbgCspQAQwS7uERnqw768F6tl6mrUvWbOYA/sB6+wFEuJbL</latexit>

u7

 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a

 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a

 <latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b
<latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b

 <latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b
<latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b  <latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b
<latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b

 <latexit sha1_base64="bFtq+DfS3tVusjHwe07/95Xiay4=">AAAB6nicbZC7TgJBFIbPghfEG2ppMxFIqMiuBViS2FhClEsCGzI7zMKE2dnNzKwJ2RAbWxsLDbEy8Rl8EDvfxuFSKPgnk3z5/3My5xwv4kxp2/62Uumt7Z3dzF52/+Dw6Dh3ctpSYSwJbZKQh7LjYUU5E7Spmea0E0mKA4/Ttje+nufteyoVC8WdnkTUDfBQMJ8RrI11W2gU+rm8XbYXQpvgrCBfSxcfPmeP7/V+7qs3CEkcUKEJx0p1HTvSboKlZoTTabYXKxphMsZD2jUocECVmyxGnaKicQbID6V5QqOF+7sjwYFSk8AzlQHWI7Wezc3/sm6s/Ss3YSKKNRVk+ZEfc6RDNN8bDZikRPOJAUwkM7MiMsISE22ukzVHcNZX3oTWZdmplCsNJ18rwVIZOIcLKIEDVajBDdShCQSG8AQv8Gpx69maWW/L0pS16jmDP7I+fgDeUZB6</latexit>

Q
<latexit sha1_base64="bFtq+DfS3tVusjHwe07/95Xiay4=">AAAB6nicbZC7TgJBFIbPghfEG2ppMxFIqMiuBViS2FhClEsCGzI7zMKE2dnNzKwJ2RAbWxsLDbEy8Rl8EDvfxuFSKPgnk3z5/3My5xwv4kxp2/62Uumt7Z3dzF52/+Dw6Dh3ctpSYSwJbZKQh7LjYUU5E7Spmea0E0mKA4/Ttje+nufteyoVC8WdnkTUDfBQMJ8RrI11W2gU+rm8XbYXQpvgrCBfSxcfPmeP7/V+7qs3CEkcUKEJx0p1HTvSboKlZoTTabYXKxphMsZD2jUocECVmyxGnaKicQbID6V5QqOF+7sjwYFSk8AzlQHWI7Wezc3/sm6s/Ss3YSKKNRVk+ZEfc6RDNN8bDZikRPOJAUwkM7MiMsISE22ukzVHcNZX3oTWZdmplCsNJ18rwVIZOIcLKIEDVajBDdShCQSG8AQv8Gpx69maWW/L0pS16jmDP7I+fgDeUZB6</latexit>

Q  <latexit sha1_base64="dbOMuXHKzJE+5ENMZKifB1alxf8=">AAACA3icbVDLSgMxFL3js9ZX1aUgg63QVZlxUd1ZcOOyhb6gHUomTdvQJDMkGaEMBTf9FTeCirjoxp9w5zf4D2r6WGjrgcs9nHMvyT1+yKjSjvNhrayurW9sJraS2zu7e/upg8OqCiKJSQUHLJB1HynCqCAVTTUj9VASxH1Gan7/euLXbolUNBBlPQiJx1FX0A7FSBtJQAaawAGBhh5g0xnEUIYhZL6+W6m0k3OmsJeJOyfpq8dx6XN0Mi62Uu/NdoAjToTGDCnVcJ1QezGSmmJGhslmpEiIcB91ScNQgThRXjy9YWifGaVtdwJpSmh7qv7eiBFXasB9M8mR7qlFbyL+5zUi3bn0YirCSBOBZw91ImbrwJ4EYrepJFizgSEIS2r+auMekghrE1vShOAunrxMquc5N5/Ll9x0IQszJOAYTiELLlxAAW6gCBUT8B3cwxM8WyPrwXqxXmejK9Z85wj+wHr7AVGTmIU=</latexit>T<latexit sha1_base64="dbOMuXHKzJE+5ENMZKifB1alxf8=">AAACA3icbVDLSgMxFL3js9ZX1aUgg63QVZlxUd1ZcOOyhb6gHUomTdvQJDMkGaEMBTf9FTeCirjoxp9w5zf4D2r6WGjrgcs9nHMvyT1+yKjSjvNhrayurW9sJraS2zu7e/upg8OqCiKJSQUHLJB1HynCqCAVTTUj9VASxH1Gan7/euLXbolUNBBlPQiJx1FX0A7FSBtJQAaawAGBhh5g0xnEUIYhZL6+W6m0k3OmsJeJOyfpq8dx6XN0Mi62Uu/NdoAjToTGDCnVcJ1QezGSmmJGhslmpEiIcB91ScNQgThRXjy9YWifGaVtdwJpSmh7qv7eiBFXasB9M8mR7qlFbyL+5zUi3bn0YirCSBOBZw91ImbrwJ4EYrepJFizgSEIS2r+auMekghrE1vShOAunrxMquc5N5/Ll9x0IQszJOAYTiELLlxAAW6gCBUT8B3cwxM8WyPrwXqxXmejK9Z85wj+wHr7AVGTmIU=</latexit>T  <latexit sha1_base64="ydFZo9+vcj/1iFLzs0ja3DusUt4=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJkCrsWkQ7AxZaJmgukCxhdjKbDJmdXWZmhbCktLSxUMTW2jrPYecz+BJOLoUm/jDw8f/nMOccL+JMadv+slIrq2vrG+nNzNb2zu5edv+grsJYElojIQ9l08OKciZoTTPNaTOSFAcepw1vcDXJG/dUKhaKOz2MqBvgnmA+I1gb6zZ/ne9kc3bRngotgzOH3OXHuPr9cDyudLKf7W5I4oAKTThWquXYkXYTLDUjnI4y7VjRCJMB7tGWQYEDqtxkOuoInRqni/xQmic0mrq/OxIcKDUMPFMZYN1Xi9nE/C9rxdq/cBMmolhTQWYf+TFHOkSTvVGXSUo0HxrARDIzKyJ9LDHR5joZcwRnceVlqJ8VnVKxVHVy5QLMlIYjOIECOHAOZbiBCtSAQA8e4RleLG49Wa/W26w0Zc17DuGPrPcfASWRUQ==</latexit>

G
<latexit sha1_base64="ydFZo9+vcj/1iFLzs0ja3DusUt4=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJkCrsWkQ7AxZaJmgukCxhdjKbDJmdXWZmhbCktLSxUMTW2jrPYecz+BJOLoUm/jDw8f/nMOccL+JMadv+slIrq2vrG+nNzNb2zu5edv+grsJYElojIQ9l08OKciZoTTPNaTOSFAcepw1vcDXJG/dUKhaKOz2MqBvgnmA+I1gb6zZ/ne9kc3bRngotgzOH3OXHuPr9cDyudLKf7W5I4oAKTThWquXYkXYTLDUjnI4y7VjRCJMB7tGWQYEDqtxkOuoInRqni/xQmic0mrq/OxIcKDUMPFMZYN1Xi9nE/C9rxdq/cBMmolhTQWYf+TFHOkSTvVGXSUo0HxrARDIzKyJ9LDHR5joZcwRnceVlqJ8VnVKxVHVy5QLMlIYjOIECOHAOZbiBCtSAQA8e4RleLG49Wa/W26w0Zc17DuGPrPcfASWRUQ==</latexit>

G

 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a

 <latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b
<latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b

 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a
 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a

 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a

 <latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b
<latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b

 <latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b
<latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b  <latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b
<latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b

 <latexit sha1_base64="YX3O8Ztp8hMBz55AoTM2cmeuMx0=">AAAB9XicbVDLSgNBEOyNrxhfUS+Cl8FEyCnseojeDHjxGME8IFnC7GSSDJmdXWZmDWHJf3jxoIh48x/8BG9+gV9h4uRx0MSChqKqm+4uL+RMadv+tBIrq2vrG8nN1Nb2zu5eev+gooJIElomAQ9kzcOKciZoWTPNaS2UFPsep1WvdzXxq3dUKhaIWz0IqevjjmBtRrA2Ugey0IcmOJAdjUfjZjpj5+0p0DJx5iRz+f0efB29+qVm+qPRCkjkU6EJx0rVHTvUboylZoTTYaoRKRpi0sMdWjdUYJ8qN55ePUSnRmmhdiBNCY2m6u+JGPtKDXzPdPpYd9WiNxH/8+qRbl+4MRNhpKkgs0XtiCMdoEkEqMUkJZoPDMFEMnMrIl0sMdEmqJQJwVl8eZlUzvJOIV+4cTLFHMyQhGM4gZwJ8xyKcA0lKAMBCffwCE9W33qwnq2XWWvCms8cwh9Ybz8+mJbH</latexit>

w1
<latexit sha1_base64="YX3O8Ztp8hMBz55AoTM2cmeuMx0=">AAAB9XicbVDLSgNBEOyNrxhfUS+Cl8FEyCnseojeDHjxGME8IFnC7GSSDJmdXWZmDWHJf3jxoIh48x/8BG9+gV9h4uRx0MSChqKqm+4uL+RMadv+tBIrq2vrG8nN1Nb2zu5eev+gooJIElomAQ9kzcOKciZoWTPNaS2UFPsep1WvdzXxq3dUKhaIWz0IqevjjmBtRrA2Ugey0IcmOJAdjUfjZjpj5+0p0DJx5iRz+f0efB29+qVm+qPRCkjkU6EJx0rVHTvUboylZoTTYaoRKRpi0sMdWjdUYJ8qN55ePUSnRmmhdiBNCY2m6u+JGPtKDXzPdPpYd9WiNxH/8+qRbl+4MRNhpKkgs0XtiCMdoEkEqMUkJZoPDMFEMnMrIl0sMdEmqJQJwVl8eZlUzvJOIV+4cTLFHMyQhGM4gZwJ8xyKcA0lKAMBCffwCE9W33qwnq2XWWvCms8cwh9Ybz8+mJbH</latexit>

w1

 <latexit sha1_base64="+OT+7TOTtVAP3T/+UzRkBzJmjco=">AAAB9XicbVDLSgNBEOz1GeMr6kXwMpgIOYVdD9GbAS8eI5gHJEuYncwmQ2Znl5lZJSz5Dy8eFBFv/oOf4M0v8CtMnDwOmljQUFR1093lRZwpbduf1tLyyuraemojvbm1vbOb2duvqjCWhFZIyENZ97CinAla0UxzWo8kxYHHac3rXY792i2VioXiRvcj6ga4I5jPCNZG6kAONLTAgdxwNBy1Mlm7YE+AFokzI9mL7/fw6/A1KLcyH812SOKACk04Vqrh2JF2Eyw1I5wO0s1Y0QiTHu7QhqECB1S5yeTqAToxShv5oTQlNJqovycSHCjVDzzTGWDdVfPeWPzPa8TaP3cTJqJYU0Gmi/yYIx2icQSozSQlmvcNwUQycysiXSwx0SaotAnBmX95kVRPC06xULx2sqU8TJGCIziGvAnzDEpwBWWoAAEJ9/AIT9ad9WA9Wy/T1iVrNnMAf2C9/QA57pbE</latexit>

t1
<latexit sha1_base64="+OT+7TOTtVAP3T/+UzRkBzJmjco=">AAAB9XicbVDLSgNBEOz1GeMr6kXwMpgIOYVdD9GbAS8eI5gHJEuYncwmQ2Znl5lZJSz5Dy8eFBFv/oOf4M0v8CtMnDwOmljQUFR1093lRZwpbduf1tLyyuraemojvbm1vbOb2duvqjCWhFZIyENZ97CinAla0UxzWo8kxYHHac3rXY792i2VioXiRvcj6ga4I5jPCNZG6kAONLTAgdxwNBy1Mlm7YE+AFokzI9mL7/fw6/A1KLcyH812SOKACk04Vqrh2JF2Eyw1I5wO0s1Y0QiTHu7QhqECB1S5yeTqAToxShv5oTQlNJqovycSHCjVDzzTGWDdVfPeWPzPa8TaP3cTJqJYU0Gmi/yYIx2icQSozSQlmvcNwUQycysiXSwx0SaotAnBmX95kVRPC06xULx2sqU8TJGCIziGvAnzDEpwBWWoAAEJ9/AIT9ad9WA9Wy/T1iVrNnMAf2C9/QA57pbE</latexit>

t1

 <latexit sha1_base64="o5w8q4SmSICCQaWqUPAPSyAY+W8=">AAAB/XicbVC7SgNBFL0bNcb4ilraLCZCQAi7FollwMYyQl6QLGF2MpsMmZ1dZmYDcQn+gB9hY6GIrf9hZ+k32CdOHoUmHrhwOOde7r3HDRmVyrI+jcTG5lZyO7WT3t3bPzjMHB3XZRAJTGo4YIFoukgSRjmpKaoYaYaCIN9lpOEOrmd+Y0iEpAGvqlFIHB/1OPUoRkpLA8jBEDoQA4cLsGEMucl0Mu1kslbBmsNcJ/aSZMvJr9L3Q7VU6WQ+2t0ARz7hCjMkZcu2QuXESCiKGRmn25EkIcID1CMtTTnyiXTi+fVj81wrXdMLhC6uzLn6eyJGvpQj39WdPlJ9uerNxP+8VqS8KyemPIwU4XixyIuYqQJzFoXZpYJgxUaaICyovtXEfSQQVjqwtA7BXn15ndQvC3axULy1s+U8LJCCUziDvI6zBGW4gQrUAMMdPMIzvBj3xpPxarwtWhPGcuYE/sB4/wFb/5eK</latexit>

vn+1
<latexit sha1_base64="o5w8q4SmSICCQaWqUPAPSyAY+W8=">AAAB/XicbVC7SgNBFL0bNcb4ilraLCZCQAi7FollwMYyQl6QLGF2MpsMmZ1dZmYDcQn+gB9hY6GIrf9hZ+k32CdOHoUmHrhwOOde7r3HDRmVyrI+jcTG5lZyO7WT3t3bPzjMHB3XZRAJTGo4YIFoukgSRjmpKaoYaYaCIN9lpOEOrmd+Y0iEpAGvqlFIHB/1OPUoRkpLA8jBEDoQA4cLsGEMucl0Mu1kslbBmsNcJ/aSZMvJr9L3Q7VU6WQ+2t0ARz7hCjMkZcu2QuXESCiKGRmn25EkIcID1CMtTTnyiXTi+fVj81wrXdMLhC6uzLn6eyJGvpQj39WdPlJ9uerNxP+8VqS8KyemPIwU4XixyIuYqQJzFoXZpYJgxUaaICyovtXEfSQQVjqwtA7BXn15ndQvC3axULy1s+U8LJCCUziDvI6zBGW4gQrUAMMdPMIzvBj3xpPxarwtWhPGcuYE/sB4/wFb/5eK</latexit>

vn+1

 <latexit sha1_base64="YAu4R8yHkQyD6YZUny6esZ86jsE=">AAAB+XicbVBNS0JBFL3Pvsy+rKBNmyENhEDec2EthTatwiA/QF8ybxx1cN68x8w8QR6u+xNtWhTRtn/Szj+jjR+L0g5cOJxzL/fe44WcKW3bYyuxsbm1vZPcTe3tHxwepY9PqiqIJKEVEvBA1j2sKGeCVjTTnNZDSbHvcVrz+rczvzagUrFAPOphSF0fdwXrMIK1kRhkQcMTONCCAmQn08m0lc7YeXsOtE6cJcmUkvfjs+erRLmV/m62AxL5VGjCsVINxw61G2OpGeF0lGpGioaY9HGXNgwV2KfKjeeXj9ClUdqoE0hTQqO5+nsixr5SQ98znT7WPbXqzcT/vEakOzduzEQYaSrIYlEn4kgHaBYDajNJieZDQzCRzNyKSA9LTLQJK2VCcFZfXifVQt4p5osPTqaUgwWScA4XkDOBXkMJ7qAMFSAwgBd4g3crtl6tD+tz0ZqwljOn8AfW1w+bd5Uy</latexit>

t12
<latexit sha1_base64="YAu4R8yHkQyD6YZUny6esZ86jsE=">AAAB+XicbVBNS0JBFL3Pvsy+rKBNmyENhEDec2EthTatwiA/QF8ybxx1cN68x8w8QR6u+xNtWhTRtn/Szj+jjR+L0g5cOJxzL/fe44WcKW3bYyuxsbm1vZPcTe3tHxwepY9PqiqIJKEVEvBA1j2sKGeCVjTTnNZDSbHvcVrz+rczvzagUrFAPOphSF0fdwXrMIK1kRhkQcMTONCCAmQn08m0lc7YeXsOtE6cJcmUkvfjs+erRLmV/m62AxL5VGjCsVINxw61G2OpGeF0lGpGioaY9HGXNgwV2KfKjeeXj9ClUdqoE0hTQqO5+nsixr5SQ98znT7WPbXqzcT/vEakOzduzEQYaSrIYlEn4kgHaBYDajNJieZDQzCRzNyKSA9LTLQJK2VCcFZfXifVQt4p5osPTqaUgwWScA4XkDOBXkMJ7qAMFSAwgBd4g3crtl6tD+tz0ZqwljOn8AfW1w+bd5Uy</latexit>

t12  <latexit sha1_base64="7I3y9iuRZlWxRlBAXMh2qR+e5rw=">AAAB+XicbVBNS0JBFL3Pvsy+rKBNmyENhEDec2EthTatwiA/QF8ybxx1cN68x8w8QR6u+xNtWhTRtn/Szj+jjR+L0g5cOJxzL/fe44WcKW3bYyuxsbm1vZPcTe3tHxwepY9PqiqIJKEVEvBA1j2sKGeCVjTTnNZDSbHvcVrz+rczvzagUrFAPOphSF0fdwXrMIK1kRhkQcMTFKBlKjuZTqatdMbO23OgdeIsSaaUvB+fPV8lyq30d7MdkMinQhOOlWo4dqjdGEvNCKejVDNSNMSkj7u0YajAPlVuPL98hC6N0kadQJoSGs3V3xMx9pUa+p7p9LHuqVVvJv7nNSLduXFjJsJIU0EWizoRRzpAsxhQm0lKNB8agolk5lZEelhiok1YKROCs/ryOqkW8k4xX3xwMqUcLJCEc7iAHDhwDSW4gzJUgMAAXuAN3q3YerU+rM9Fa8JazpzCH1hfP50FlTM=</latexit>

t22
<latexit sha1_base64="7I3y9iuRZlWxRlBAXMh2qR+e5rw=">AAAB+XicbVBNS0JBFL3Pvsy+rKBNmyENhEDec2EthTatwiA/QF8ybxx1cN68x8w8QR6u+xNtWhTRtn/Szj+jjR+L0g5cOJxzL/fe44WcKW3bYyuxsbm1vZPcTe3tHxwepY9PqiqIJKEVEvBA1j2sKGeCVjTTnNZDSbHvcVrz+rczvzagUrFAPOphSF0fdwXrMIK1kRhkQcMTFKBlKjuZTqatdMbO23OgdeIsSaaUvB+fPV8lyq30d7MdkMinQhOOlWo4dqjdGEvNCKejVDNSNMSkj7u0YajAPlVuPL98hC6N0kadQJoSGs3V3xMx9pUa+p7p9LHuqVVvJv7nNSLduXFjJsJIU0EWizoRRzpAsxhQm0lKNB8agolk5lZEelhiok1YKROCs/ryOqkW8k4xX3xwMqUcLJCEc7iAHDhwDSW4gzJUgMAAXuAN3q3YerU+rM9Fa8JazpzCH1hfP50FlTM=</latexit>

t22  <latexit sha1_base64="fee9IN1bhCwtPyT/LPohE7Gaxd0=">AAAB/XicbVC7SgNBFL0bXzG+opY2g4kQEMKuRWIZsLGMkBckS5idTJIhs7PLzKwQl+AP+BE2ForY+h92ln6DfeLkUWjigQuHc+7l3nu8kDOlbfvTSqytb2xuJbdTO7t7+wfpw6OaCiJJaJUEPJANDyvKmaBVzTSnjVBS7Huc1r3B1dSv31KpWCAqehhS18c9wbqMYG2kAWRBQxtiEHAODowgO56MJ+10xs7bM6BV4ixIprT5Vfx+qBTL7fRHqxOQyKdCE46Vajp2qN0YS80Ip6NUK1I0xGSAe7RpqMA+VW48u36EzozSQd1AmhIazdTfEzH2lRr6nun0se6rZW8q/uc1I929dGMmwkhTQeaLuhFHOkDTKFCHSUo0HxqCiWTmVkT6WGKiTWApE4Kz/PIqqV3knUK+cONkSjmYIwkncAo5E2cRSnANZagCgTt4hGd4se6tJ+vVepu3JqzFzDH8gfX+A1jTl4g=</latexit>

tn+1
<latexit sha1_base64="fee9IN1bhCwtPyT/LPohE7Gaxd0=">AAAB/XicbVC7SgNBFL0bXzG+opY2g4kQEMKuRWIZsLGMkBckS5idTJIhs7PLzKwQl+AP+BE2ForY+h92ln6DfeLkUWjigQuHc+7l3nu8kDOlbfvTSqytb2xuJbdTO7t7+wfpw6OaCiJJaJUEPJANDyvKmaBVzTSnjVBS7Huc1r3B1dSv31KpWCAqehhS18c9wbqMYG2kAWRBQxtiEHAODowgO56MJ+10xs7bM6BV4ixIprT5Vfx+qBTL7fRHqxOQyKdCE46Vajp2qN0YS80Ip6NUK1I0xGSAe7RpqMA+VW48u36EzozSQd1AmhIazdTfEzH2lRr6nun0se6rZW8q/uc1I929dGMmwkhTQeaLuhFHOkDTKFCHSUo0HxqCiWTmVkT6WGKiTWApE4Kz/PIqqV3knUK+cONkSjmYIwkncAo5E2cRSnANZagCgTt4hGd4se6tJ+vVepu3JqzFzDH8gfX+A1jTl4g=</latexit>

tn+1

 <latexit sha1_base64="Bw8tZxxpKtWlw+UtgaIVTEjm6iY=">AAAB+XicbVDLSgNBEOyNrxhfUcGLl8FECAhhN4foMeDFk0QwD0jWMDuZJIOzs8vMbCQsOfsTXjwo4tU/8ZafSZw8DppY0FBUddPd5YWcKW3bIyuxtr6xuZXcTu3s7u0fpA+PqiqIJKEVEvBA1j2sKGeCVjTTnNZDSbHvcVrzHq+nfq1PpWKBuNeDkLo+7grWYQRrIzHIwhM8gAMtKEB2PBlPWumMnbdnQKvEWZBMKXk7Onm+SJRb6e9mOyCRT4UmHCvVcOxQuzGWmhFOh6lmpGiIySPu0oahAvtUufHs8iE6N0obdQJpSmg0U39PxNhXauB7ptPHuqeWvan4n9eIdOfKjZkII00FmS/qRBzpAE1jQG0mKdF8YAgmkplbEelhiYk2YaVMCM7yy6ukWsg7xXzxzsmUcjBHEk7hDHIm0EsowQ2UoQIE+vACb/Buxdar9WF9zlsT1mLmGP7A+voBoC2VNQ==</latexit>

w1
2

<latexit sha1_base64="Bw8tZxxpKtWlw+UtgaIVTEjm6iY=">AAAB+XicbVDLSgNBEOyNrxhfUcGLl8FECAhhN4foMeDFk0QwD0jWMDuZJIOzs8vMbCQsOfsTXjwo4tU/8ZafSZw8DppY0FBUddPd5YWcKW3bIyuxtr6xuZXcTu3s7u0fpA+PqiqIJKEVEvBA1j2sKGeCVjTTnNZDSbHvcVrzHq+nfq1PpWKBuNeDkLo+7grWYQRrIzHIwhM8gAMtKEB2PBlPWumMnbdnQKvEWZBMKXk7Onm+SJRb6e9mOyCRT4UmHCvVcOxQuzGWmhFOh6lmpGiIySPu0oahAvtUufHs8iE6N0obdQJpSmg0U39PxNhXauB7ptPHuqeWvan4n9eIdOfKjZkII00FmS/qRBzpAE1jQG0mKdF8YAgmkplbEelhiYk2YaVMCM7yy6ukWsg7xXzxzsmUcjBHEk7hDHIm0EsowQ2UoQIE+vACb/Buxdar9WF9zlsT1mLmGP7A+voBoC2VNQ==</latexit>

w1
2  <latexit sha1_base64="Zz39fFvYCmxpYArt31SmvS/LBg0=">AAAB+XicbVDLSgNBEOyNrxhfUcGLl8FECAhhN4foMeDFk0QwD0jWMDuZJIOzs8vMbCQsOfsTXjwo4tU/8ZafSZw8DppY0FBUddPd5YWcKW3bIyuxtr6xuZXcTu3s7u0fpA+PqiqIJKEVEvBA1j2sKGeCVjTTnNZDSbHvcVrzHq+nfq1PpWKBuNeDkLo+7grWYQRrIzHIwhM8QAFaprLjyXjSSmfsvD0DWiXOgmRKydvRyfNFotxKfzfbAYl8KjThWKmGY4fajbHUjHA6TDUjRUNMHnGXNgwV2KfKjWeXD9G5UdqoE0hTQqOZ+nsixr5SA98znT7WPbXsTcX/vEakO1duzEQYaSrIfFEn4kgHaBoDajNJieYDQzCRzNyKSA9LTLQJK2VCcJZfXiXVQt4p5ot3TqaUgzmScApnkAMHLqEEN1CGChDowwu8wbsVW6/Wh/U5b01Yi5lj+APr6wehu5U2</latexit>

w2
2

<latexit sha1_base64="Zz39fFvYCmxpYArt31SmvS/LBg0=">AAAB+XicbVDLSgNBEOyNrxhfUcGLl8FECAhhN4foMeDFk0QwD0jWMDuZJIOzs8vMbCQsOfsTXjwo4tU/8ZafSZw8DppY0FBUddPd5YWcKW3bIyuxtr6xuZXcTu3s7u0fpA+PqiqIJKEVEvBA1j2sKGeCVjTTnNZDSbHvcVrzHq+nfq1PpWKBuNeDkLo+7grWYQRrIzHIwhM8QAFaprLjyXjSSmfsvD0DWiXOgmRKydvRyfNFotxKfzfbAYl8KjThWKmGY4fajbHUjHA6TDUjRUNMHnGXNgwV2KfKjWeXD9G5UdqoE0hTQqOZ+nsixr5SA98znT7WPbXsTcX/vEakO1duzEQYaSrIfFEn4kgHaBoDajNJieYDQzCRzNyKSA9LTLQJK2VCcJZfXiXVQt4p5ot3TqaUgzmScApnkAMHLqEEN1CGChDowwu8wbsVW6/Wh/U5b01Yi5lj+APr6wehu5U2</latexit>

w2
2

 <latexit sha1_base64="fE/I/s7oSKOYF64cXMRhuJMQsmc=">AAAB/XicbVC7SgNBFL0bNcb4ilraLCZCQAi7FollwMYyQl6QLGF2MpsMmZ1dZmaVuAR/wI+wsVDE1v+ws/Qb7BMnj0ITD1w4nHMv997jhoxKZVmfRmJtfSO5mdpKb+/s7u1nDg7rMogEJjUcsEA0XSQJo5zUFFWMNENBkO8y0nAHl1O/cUOEpAGvqmFIHB/1OPUoRkpLA8jBLXQgBg5nYMMIcuPJeNLJZK2CNYO5SuwFyZaTX6Xvh2qp0sl8tLsBjnzCFWZIypZthcqJkVAUMzJKtyNJQoQHqEdamnLkE+nEs+tH5qlWuqYXCF1cmTP190SMfCmHvqs7faT6ctmbiv95rUh5F05MeRgpwvF8kRcxUwXmNAqzSwXBig01QVhQfauJ+0ggrHRgaR2CvfzyKqmfF+xioXhtZ8t5mCMFx3ACeR1nCcpwBRWoAYY7eIRneDHujSfj1XibtyaMxcwR/IHx/gNdlZeL</latexit>

wn+1
<latexit sha1_base64="fE/I/s7oSKOYF64cXMRhuJMQsmc=">AAAB/XicbVC7SgNBFL0bNcb4ilraLCZCQAi7FollwMYyQl6QLGF2MpsMmZ1dZmaVuAR/wI+wsVDE1v+ws/Qb7BMnj0ITD1w4nHMv997jhoxKZVmfRmJtfSO5mdpKb+/s7u1nDg7rMogEJjUcsEA0XSQJo5zUFFWMNENBkO8y0nAHl1O/cUOEpAGvqmFIHB/1OPUoRkpLA8jBLXQgBg5nYMMIcuPJeNLJZK2CNYO5SuwFyZaTX6Xvh2qp0sl8tLsBjnzCFWZIypZthcqJkVAUMzJKtyNJQoQHqEdamnLkE+nEs+tH5qlWuqYXCF1cmTP190SMfCmHvqs7faT6ctmbiv95rUh5F05MeRgpwvF8kRcxUwXmNAqzSwXBig01QVhQfauJ+0ggrHRgaR2CvfzyKqmfF+xioXhtZ8t5mCMFx3ACeR1nCcpwBRWoAYY7eIRneDHujSfj1XibtyaMxcwR/IHx/gNdlZeL</latexit>

wn+1

 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a

 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a

 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a

 <latexit sha1_base64="/OzWufWtga8vE3KtlFM6/DTXyV4=">AAAB7HicbZC7SgNBFIbPxluMt6iNYLOYCKnCrkW0M2BjGcFNAskSZiezyZC5LDOzQgh5BhsLRWzF5/AR7HwCn0Jwcik08YeBj/8/hznnRAmj2njep5NZWV1b38hu5ra2d3b38vsHdS1ThUmAJZOqGSFNGBUkMNQw0kwUQTxipBENriZ5444oTaW4NcOEhBz1BI0pRsZaQTHteMVOvuCVvancZfDnULj8fpdfR2+81sl/tLsSp5wIgxnSuuV7iQlHSBmKGRnn2qkmCcID1CMtiwJxosPRdNixe2qdrhtLZZ8w7tT93TFCXOshj2wlR6avF7OJ+V/WSk18EY6oSFJDBJ59FKfMNdKdbO52qSLYsKEFhBW1s7q4jxTCxt4nZ4/gL668DPWzsl8pV278QrUEM2XhGE6gBD6cQxWuoQYBYKBwD4/w5AjnwXl2XmalGWfecwh/5Lz+AMnZkmc=</latexit>

u0
<latexit sha1_base64="/OzWufWtga8vE3KtlFM6/DTXyV4=">AAAB7HicbZC7SgNBFIbPxluMt6iNYLOYCKnCrkW0M2BjGcFNAskSZiezyZC5LDOzQgh5BhsLRWzF5/AR7HwCn0Jwcik08YeBj/8/hznnRAmj2njep5NZWV1b38hu5ra2d3b38vsHdS1ThUmAJZOqGSFNGBUkMNQw0kwUQTxipBENriZ5444oTaW4NcOEhBz1BI0pRsZaQTHteMVOvuCVvancZfDnULj8fpdfR2+81sl/tLsSp5wIgxnSuuV7iQlHSBmKGRnn2qkmCcID1CMtiwJxosPRdNixe2qdrhtLZZ8w7tT93TFCXOshj2wlR6avF7OJ+V/WSk18EY6oSFJDBJ59FKfMNdKdbO52qSLYsKEFhBW1s7q4jxTCxt4nZ4/gL668DPWzsl8pV278QrUEM2XhGE6gBD6cQxWuoQYBYKBwD4/w5AjnwXl2XmalGWfecwh/5Lz+AMnZkmc=</latexit>

u0

 <latexit sha1_base64="uQXnlRXdKXA9AhqqNiQZFcourTQ=">AAAB9XicbVDLSgNBEOz1GeMr6kXwspgIOYVdD9GbAS8eI5gHJEuYncwmQ2Zml5lZJSz5Dy8eFBFv/oOf4M0v8CtMnDwOmljQUFR1093lR4wq7Tif1tLyyuraemojvbm1vbOb2duvqjCWmFRwyEJZ95EijApS0VQzUo8kQdxnpOb3Lsd+7ZZIRUNxo/sR8TjqCBpQjLSROpCDGFrgQm44Go5amaxTcCawF4k7I9mL7/fw6/CVl1uZj2Y7xDEnQmOGlGq4TqS9BElNMSODdDNWJEK4hzqkYahAnCgvmVw9sE+M0raDUJoS2p6ovycSxJXqc990cqS7at4bi/95jVgH515CRRRrIvB0URAzW4f2OAK7TSXBmvUNQVhSc6uNu0girE1QaROCO//yIqmeFtxioXjtZkt5mCIFR3AMeRPmGZTgCspQAQwS7uERnqw768F6tl6mrUvWbOYA/sB6+wE7fJbF</latexit>

u1
<latexit sha1_base64="uQXnlRXdKXA9AhqqNiQZFcourTQ=">AAAB9XicbVDLSgNBEOz1GeMr6kXwspgIOYVdD9GbAS8eI5gHJEuYncwmQ2Zml5lZJSz5Dy8eFBFv/oOf4M0v8CtMnDwOmljQUFR1093lR4wq7Tif1tLyyuraemojvbm1vbOb2duvqjCWmFRwyEJZ95EijApS0VQzUo8kQdxnpOb3Lsd+7ZZIRUNxo/sR8TjqCBpQjLSROpCDGFrgQm44Go5amaxTcCawF4k7I9mL7/fw6/CVl1uZj2Y7xDEnQmOGlGq4TqS9BElNMSODdDNWJEK4hzqkYahAnCgvmVw9sE+M0raDUJoS2p6ovycSxJXqc990cqS7at4bi/95jVgH515CRRRrIvB0URAzW4f2OAK7TSXBmvUNQVhSc6uNu0girE1QaROCO//yIqmeFtxioXjtZkt5mCIFR3AMeRPmGZTgCspQAQwS7uERnqw768F6tl6mrUvWbOYA/sB6+wE7fJbF</latexit>

u1

 <latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b
<latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b  <latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b
<latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b  <latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b
<latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b  <latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b
<latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b  <latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b
<latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b  <latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b
<latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b

 <latexit sha1_base64="SXtH7j0pCyk5l34gpG5LWlDhHuc=">AAAB9XicbVDLSgNBEOyNrxhfUS+Cl8VEyCns5hC9GfDiMYJ5QLKE2ckkGTKzs8zMKmHJf3jxoIh48x/8BG9+gV9h4uRx0MSChqKqm+4uP2RUacf5tBIrq2vrG8nN1Nb2zu5eev+gqkQkMalgwYSs+0gRRgNS0VQzUg8lQdxnpOb3Lyd+7ZZIRUVwowch8TjqBrRDMdJG6kIWImhBAbKj8WjcSmecvDOFvUzcOclcfL+Lr6NXXm6lP5ptgSNOAo0ZUqrhOqH2YiQ1xYwMU81IkRDhPuqShqEB4kR58fTqoX1qlLbdEdJUoO2p+nsiRlypAfdNJ0e6pxa9ifif14h059yLaRBGmgR4tqgTMVsLexKB3aaSYM0GhiAsqbnVxj0kEdYmqJQJwV18eZlUC3m3mC9eu5lSDmZIwjGcQA5cOIMSXEEZKoBBwj08wpN1Zz1Yz9bLrDVhzWcO4Q+stx89BpbG</latexit>

u2
<latexit sha1_base64="SXtH7j0pCyk5l34gpG5LWlDhHuc=">AAAB9XicbVDLSgNBEOyNrxhfUS+Cl8VEyCns5hC9GfDiMYJ5QLKE2ckkGTKzs8zMKmHJf3jxoIh48x/8BG9+gV9h4uRx0MSChqKqm+4uP2RUacf5tBIrq2vrG8nN1Nb2zu5eev+gqkQkMalgwYSs+0gRRgNS0VQzUg8lQdxnpOb3Lyd+7ZZIRUVwowch8TjqBrRDMdJG6kIWImhBAbKj8WjcSmecvDOFvUzcOclcfL+Lr6NXXm6lP5ptgSNOAo0ZUqrhOqH2YiQ1xYwMU81IkRDhPuqShqEB4kR58fTqoX1qlLbdEdJUoO2p+nsiRlypAfdNJ0e6pxa9ifif14h059yLaRBGmgR4tqgTMVsLexKB3aaSYM0GhiAsqbnVxj0kEdYmqJQJwV18eZlUC3m3mC9eu5lSDmZIwjGcQA5cOIMSXEEZKoBBwj08wpN1Zz1Yz9bLrDVhzWcO4Q+stx89BpbG</latexit>

u2

 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a

…

Figure 1: The difference between VF3 and VF3𝑀

solutions of a 3NF formula, and is EnumP-complete [92]. Given a
3SAT formula Φ = 𝐶1∧ . . .∧𝐶𝑛 , we give a reduction by constructing
a graph𝐺 that includes seven vertices for each clause𝐶𝑖 (𝑖 ∈ [1, 𝑛])
and a pattern 𝑄 that is a clique of size 𝑛 (the number of clauses). 2

OutputP. A problem Π𝐵 ∈ EnumP is in OutputP if for all instances
𝑥 of Π𝐵 , the time for computing all solutions in 𝐵(𝑥) is bounded
by a polynomial in the size |𝑥 | of input and the size |𝐵(𝑥) | of the
output. Such a problem is said to be output polynomial.

Intuitively, Π𝐵 is in OutputP if it can be solved in PTIME in the
sizes of the input and output. The size of output is taken into account
since the number of solutions may be exponential in the size of the
input, e.g., SubIso. The cost is measured as the total time needed
to compute all solutions in 𝐵(𝑥) to input 𝑥 , using a RAM machine.

Abusing the notation, we say that an enumeration algorithm for
Π𝐵 is output polynomial if it takes PTIME in |𝑥 | and |𝐵(𝑥) |.

3 Programming with ML Oracles
This section develops revisions VF3𝑀 of algorithm VF3 [28] by
incorporating anML oracleM.We first reviewVF3 (Section 3.1) and
present a template for VF3𝑀 (Section 3.2). Based on the template,
we then develop three VF3𝑀 algorithms (Section 3.3).

3.1 Algorithm VF3
We first review VF3 [28, 29], a popular exact algorithm for SubIso.
Given a pattern 𝑄 and a graph 𝐺 , it employs a recursive procedure
Enumerate to find all full matches of𝑄 in𝐺 , and reduces the search
space by using efficient heuristic rules. Herewe improve the original
algorithm VF3 of [28, 29] by incorporating optimization strategies
that are identified in [112] and verified effective for SubIso.

Algorithm. Given𝑄 and𝐺 , VF3 computes the set𝑄 (𝐺) of matches
of 𝑄 in𝐺 . It first sets a matching order O of 𝑄 using the Maximum
Likelihood Estimation method. Here a matching order is a permu-
tation of the pattern vertices 𝑉𝑄 in 𝑄 . Then it assigns each vertex
in 𝐺 or 𝑄 to a class such that vertices from the same class can be
matched (line 2). Intuitively, it computes a set C(𝑢) of candidates
matches from𝐺 for each pattern vertex𝑢 in𝑄 . Then, it constructs a
tree representation T of𝑄 based on O, i.e., a vertex𝑢𝑝 is a parent of
𝑢 in T if𝑢𝑝 has an edge connected to𝑢 and appears before𝑢 in O. It
also builds 𝜌0, the initial partial match ∅. After these, it enumerates
matches in 𝑄 (𝐺) following the order O via procedure Enumerate.

Procedure Enumerate. As shown in Figure 2, given graph 𝐺 , pat-
tern𝑄 , candidates C for pattern vertices, a tree representation T of
𝑄 and a partial match 𝜌 , Enumerate recursively extends the partial
match 𝜌 to full matches, if possible, following the order O.

Enumerateworks as follows. It first checkswhether 𝜌 is already a
full match; if so, it returns 𝜌 as part ofOutput (lines 1-2). Otherwise,
it checks whether 𝜌 is invalid, e.g., a pattern vertex in 𝜌 has more
neighbors than its candidate matches in 𝜌 ; if so, it returns ∅, i.e., the
current partial match cannot be extended to a full match (lines 3-4).

Input: A graph𝐺 , a pattern𝑄 , a matching order O, a classification C,
a tree representation T of𝑄 , and the current partial match 𝜌 .

Output: All full matches of𝑄 in𝐺 that extend 𝜌 .
1. if IsGoal(𝜌 ) then
2. return {𝜌 };
3. if IsDead(𝜌 ) then
4. return ∅;
5. (𝑢𝑐 , 𝑣𝑐 ) := (⊥,⊥) ;
6. (𝑢𝑛, 𝑣𝑛 ) := GetCan(𝐺,𝑄, O, C, 𝜌, T, (𝑢𝑐 , 𝑣𝑐 ) ) ;
7. while (𝑢𝑛, 𝑣𝑛 ) ≠ (⊥,⊥) do
8. if IsFeasible(𝐺,𝑄, 𝜌,𝑢𝑛, 𝑣𝑛 ) then
9. 𝜌𝑐 := 𝜌 + (𝑢𝑛, 𝑣𝑛 ) ;
10. ΔOutput := Enumerate(𝐺,𝑄, O, C, T, 𝜌𝑐 ) ;
11. Output := Output ∪ ΔOutput;
12. (𝑢𝑛, 𝑣𝑛 ) := GetCan(𝐺,𝑄, O, C, 𝜌, T, (𝑢𝑛, 𝑣𝑛 ) ) ;
13. return Output;

Figure 2: Procedure Enumerate

Otherwise, Enumerate iteratively extends partial match 𝜌 by
mapping the next pattern vertex 𝑢𝑛 to its candidates 𝑣 ∈ C(𝑢)
(lines 5-12). More specifically, it first identifies a vertex 𝑣𝑛 in C(𝑢𝑛)
that may match 𝑢𝑛 (lines 5-6). That is, 𝑣𝑛 and 𝑢𝑛 are in the same
class, and they have “isomorphic” connections with vertices in 𝜌 ,
i.e., if 𝑢𝑛 has an edge (𝑢𝑛, 𝑙, 𝑢1) (resp. (𝑢1, 𝑙, 𝑢𝑛)) in 𝑄 , then 𝑣 has
an edge (𝑣𝑛, 𝑙, 𝜌 (𝑢1)) (resp. (𝜌 (𝑢1), 𝑙, 𝑣𝑛)) in 𝐺 . Function GetCan
selects the next candidate for pattern vertices from the list of can-
didate matches; and (𝑢𝑐 , 𝑣𝑐 )=(⊥,⊥) marks the end of the list.

Expanding 𝜌 with (𝑢𝑛, 𝑣𝑛) suggested by GetCan, denoted by
𝜌 + (𝑢𝑛, 𝑣𝑛), Enumerate checks whether 𝜌 + (𝑢𝑛, 𝑣𝑛) makes a bijec-
tive mapping. It calls Boolean function IsFeasible, which inspects
the 2-hop neighbors of 𝑢𝑛 and 𝑣𝑛 for further extensions, using a
set of heuristic rules (line 8). If 𝜌 + (𝑢𝑛, 𝑣𝑛) passes the check, it
recursively invokes Enumerate to expand 𝜌 + (𝑢𝑛, 𝑣𝑛) (lines 10-11).
After processing 𝑣𝑛 , it continues to checks other vertices in C(𝑢𝑛)
(line 12), such that all candidates in C(𝑢𝑛) are examined (line 7).

When processing 𝜌+(𝑢𝑛, 𝑣𝑛), Enumeratemay recurse to a depth,
i.e., after it expands 𝜌 + (𝑢𝑛, 𝑣𝑛) with (𝑢𝑛+1, 𝑣𝑛+1), . . . , (𝑢𝑛+𝑚, 𝑣𝑛+𝑚),
it finds that the expansion is “dead” (line 3), i.e., 𝜌 + (𝑢𝑛, 𝑣𝑛) does
not lead to a full match. At this point, Enumerate has to backtrack,
and continues the search from 𝜌 + (𝑢𝑛, 𝑣 ′𝑛) for a different candidate
𝑣 ′𝑛 of 𝑢𝑛 . Backtracking is costly when𝑚 is large, and the efforts for
expanding 𝜌 + (𝑢𝑛, 𝑣𝑛) are wasted.

Optimizations. The VF3 algorithm of Figure 2 extends the original
algorithm of [28, 29] with the following optimization strategies.

Classification. We adopt graded simulation [80] to compute the
candidate set C(𝑢). Weaker than subgraph isomorphism, graded
simulation pre-filters out vertices in𝐺 that cannot match𝑢. Given a
graph𝐺 and a pattern𝑄 , it computes the maximum binary relation
G ⊆ 𝑉𝑄×𝑉𝐺 such that (𝑢, 𝑣) ∈ G if and only if the one-hop neigh-
bors of𝑢 can be “mapped” to those of 𝑣 . More specifically, (𝑢, 𝑣) ∈ G
iff (1) 𝑢 and 𝑣 carry the same label; (2) if 𝑢 has𝑚 distinct outgoing
edges (𝑢, 𝑙1, 𝑢1), . . ., (𝑢, 𝑙𝑚, 𝑢𝑚), then 𝑣 also has𝑚 distinct outgoing
edges (𝑣, 𝑙1, 𝑣1), . . ., (𝑣, 𝑙𝑚, 𝑣𝑚) such that (𝑢1, 𝑣1), . . . , (𝑢𝑚, 𝑣𝑚) ∈ G;
similarly for distinct incoming edges of 𝑢. Relation G can be
computed in 𝑂 ( |𝑉 | ( |𝑉 | + |𝐸 |) |𝑉𝑄 | ( |𝑉𝑄 | + |𝐸𝑄 |)) time [78].

We include in C(𝑢) all such vertices 𝑣 in 𝐺 that (𝑢, 𝑣) ∈ G.
Matching order. We adopt the strategy proposed in [23] to give
the matching order O. It starts with the pattern vertex having the
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Input: A graph𝐺 , a pattern𝑄 , a partial match 𝜌 , a vertex 𝑢 in𝑄
and a vertex 𝑣 in𝐺 .

Output: Whether there exists a full match extended from 𝜌 .
1. if M(𝐺,𝑄, 𝜌 + (𝑢𝑛, 𝑣𝑛 ) ) ≥ 𝛿T then
2. return ReduceFP(𝐺,𝑄, O, T, 𝜌 ) ;
3. return ReduceFN(𝐺,𝑄, O, T, 𝜌 ) ;

Figure 3: Procedure IsFeasibleM

largest degree, and then iteratively picks the pattern vertex that
has the most backward neighbors. As shown in [112], this strategy
works well for SubIso. Other methods to compute O can also be
used, e.g., topological ordering [23] and reinforcement learning [97].

Example 2: Continuing with Example 1, VF3 finds matches of𝑄 in
𝐺 as follows. (1) It first sets a matching order O of𝑄 , e.g., 𝑢1, . . . , 𝑢7,
represented by tree T in Figure 1. (2) Following O, it recursively
enumerates matches in 𝑄 (𝐺), mapping 𝑢1 to 𝑣0 first, followed by
finding matches of 𝑢3, . . . , 𝑢7. It returns the unique full match. 2

3.2 Algorithm Template for VF3𝑀
We next outline a template VF3𝑀 for revising the VF3 algorithm,
by incorporating an ML modelM into VF3 as an oracle.

ML oracle M. As will be seen in Section 5, we will train an ML
model M that, given a graph 𝐺 , a pattern 𝑄 and a partial match 𝜌 ,
returns a numeric value in [0, 1] indicating the confidence of the
prediction for 𝜌 to be extended to a full match.We set a configurable
threshold 𝛿T such that M(𝐺,𝑄, 𝜌) ≥ 𝛿T if the prediction of M is
highly confident to be true, i.e., 𝜌 is valid. Departing from procedure
IsFeasible in Enumerate that only inspects the 2-hop neighbors of
pattern vertices,M learns topological connections of graphs and
patterns, and directly predicts whether 𝜌 is valid or not.

Intuitively, when the ML modelM is highly accurate, one can
useM instead of IsFeasible. After expanding 𝜌 with (𝑢, 𝑣), VF3𝑀
first calls M to predict whether 𝜌 + (𝑢, 𝑣) can be extended to a full
match; ifM returns true, then it extends 𝜌 with (𝑢, 𝑣) just like VF3;
otherwise it does not extend 𝜌 with (𝑢, 𝑣), without backtracking.
Example 3: Consider graph 𝐺 and pattern 𝑄 in Figure 1. There
exists only one match of 𝑄 in 𝐺 , i.e., the leftmost part of 𝐺 . Note
that the 𝑛 cycles with two vertices in 𝐺 cannot match the cycle
with four vertices in 𝑄 . Such mismatches cannot be filtered out by
graded simulation [80] in node classification described earlier.

One can verify the following. (1) When VF3 is invoked to
compute 𝑄 (𝐺), procedure Enumerate is called 4𝑛 + 11 times, one
for each vertex in 𝐺 , plus the first call by VF3. (2) In contrast, if
we replace IsFeasible with M and if M predictions are accurate,
we only need to invoke Enumerate 8 times, which finds the unique
match of 𝑄 in 𝐺 . Indeed, when M is accurate, it correctly predicts
that the partial match 𝜌 (𝑢2) = 𝑣𝑖 (𝑖 ∈ [2, 𝑛 + 1]) cannot lead to a full
match, and thus does not call Enumerate for further inspection. 2

Template VF3𝑀 . However, when M is not perfectly accurate, it
may incorrectly predict false on a true match and miss the match
(false negative, FN). It may also predict true on false matches (false
positive, FP) and incurs redundant checking. To reduce the impact
of FNs and FPs, we develop VF3𝑀 by including two procedures.

Template VF3𝑀 is a mild variation of VF3 with the following. (1)
It replaces IsFeasible (line 8 of Figure 2) with IsFeasibleM given in
Figure 3. It employsM to predict whether 𝜌 is valid after expanding
𝜌 with (𝑢, 𝑣). (2) To reduce FPs of M predictions, when M returns

Input: 𝐺 ,𝑄 , 𝜌 , 𝑢 ∈ 𝑄 , and 𝑣 ∈ 𝐺 as in Figure 3.
Output: true if 𝜌 is valid.
1. VF3_check := IsFeasible(𝐺,𝑄, 𝜌,𝑢𝑛, 𝑣𝑛 ) ;
2. if M(𝐺,𝑄, 𝜌 + (𝑢𝑛, 𝑣𝑛 ) ) ≥ 𝛿T and VF3_check then
3. return true;
4. if M(𝐺,𝑄, 𝜌 + (𝑢𝑛, 𝑣𝑛 ) ) < 𝛿𝐹 then
5. return false;
6. return VF3_check;

Figure 4: Procedure IsFeasibleM in VF3𝑂
𝑀

true, it may call Boolean function ReduceFP to conduct further
checking (line 2). (3) To reduce FNs ofM, whenM predicts false,
it may call Boolean function ReduceFN to mitigate bad predictions
(line 3). ReduceFP and ReduceFN serve as backup plans for bad
predictions ofM, and will be elaborated in Section 3.3.

3.3 Three VF3𝑀 Algorithms
Based on the template, we next develop three VF3𝑀 algorithms
with different strategies for reducing FPs and FNs ofM predictions.

(1) Do nothing. The first VF3𝑀 algorithm, denoted by VF3𝑁
𝑀
, opts

to completely trust the ML model M. It follows the predictions
ofM. Here ReduceFP (resp. ReduceFN) simply returns true (resp.
false) whenM predicts true (resp. false). In other words, VF3𝑁

𝑀
sim-

ply replaces IsFeasible in line 8 of Figure 2 with M(𝐺,𝑄, 𝜌) ≥ 𝛿T
for a predefined threshold 𝛿T, indicating that M predicts true; the
rest of the VF3 code of Figure 2 remains unchanged.

As will be seen in Section 4, VF3𝑁
𝑀

is (a) consistent even whenM
is not accurate, and (b) output-polynomial with a high probability.
However, it may miss true matches whenM makes FN predictions,
i.e., the recall of VF3𝑁

𝑀
is impacted by badM predictions, where re-

call is the ratio of matches returned by VF3𝑁
𝑀

to all matches in𝑄 (𝐺).

(2) VF3 as a backup. We develop VF3𝑂
𝑀

to improve the recall
of VF3𝑁

𝑀
. We set another configurable threshold 𝛿F such that

M(𝐺,𝑄, 𝜌) < 𝛿F if the prediction of M is highly confident to be
false, i.e., 𝜌 cannot be extended to a full match. Note that 𝛿F < 𝛿T.

Algorithm VF3𝑂
𝑀

replaces IsFeasible of VF3 with Boolean func-
tion IsFeasible𝑀 shown in Figure 4. It makes decisions as follows.
(a) It returns true if bothM predicts true (i.e., the confidence ofM
is at least 𝛿T) and IsFeasible returns true, to reduce FPs (line 2-3).
Here IsFeasible serves as ReduceFP. (b) If M(𝐺,𝑄, 𝜌) < 𝛿F, i.e., if
M is highly confident to predict false, it follows the prediction and
returns false (lines 4-5). (c) Otherwise, i.e., when M is confident
enough to predict neither true nor false, it resorts to IsFeasible to
check the two-hop neighbors of𝑢 and 𝑣 as inVF3. That is, IsFeasible
is invoked as ReduceFN to improve the recall (line 6).

We will see that the recall of VF3𝑂
𝑀

is 1 with a high probability.
Moreover, it is 1-robust with a high probability, and guarantees to
be consistent. As a price to pay, it is unlikely output-polynomial.

(3) Deep checking. When M makes FN predictions, VF3𝑂
𝑀

may
miss valid partial matches and hamper its recall. To reduce FNs, we
develop VF3𝐷

𝑀
that replaces IsFeasiblewith IsFeasible𝑀 of Figure 5.

IfM predicts false, it conducts deep checking (line 2) as ReduceFN.
Deep checking works as follows. Given partial match 𝜌 , let

𝑢′1, . . . , 𝑢
′
𝑘𝜌

be the remaining vertices of pattern 𝑄 to be matched,
in the matching order O. Here 𝑘𝜌=|𝑉𝑄 |−|𝜌 | and |𝜌 | is the number
of pattern vertices in 𝜌 . Then deep checking first samples a vertex
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Input: 𝐺 ,𝑄 , 𝜌 , 𝑢 ∈ 𝑄 , and 𝑣 ∈ 𝐺 as in Figure 3.
Output: true if 𝜌 is valid.
1. VF3_check := IsFeasible(𝐺,𝑄, 𝜌,𝑢𝑛, 𝑣𝑛 ) ;
2. if M(𝐺,𝑄, 𝜌 + (𝑢𝑛, 𝑣𝑛 ) ) ≥ 𝛿T and VF3_check then
3. return true;
4. if M(𝐺,𝑄, 𝜌 + (𝑢𝑛, 𝑣𝑛 ) ) < 𝛿𝐹 then
5. return DeepCheck(𝐺,𝑄, 𝜌,𝑢𝑛, 𝑣𝑛 ) ;
6. return VF3_check;

Figure 5: Procedure IsFeasibleM in VF3𝐷
𝑀

𝑣1 from candidate set C(𝑢′1) such that 𝑣1 and 𝑢′1 have “isomorphic”
connections with vertices in 𝜌 , and then expands 𝜌 with (𝑢′1, 𝑣1).
It repeats the step to sample one vertex 𝑣𝑖 for each 𝑢′𝑖 (𝑖 ∈ [2, 𝑘𝜌 ])
following O, and generates 𝜌𝑐 = 𝜌 + (𝑢′1, 𝑣1) + · · · + (𝑢′

𝑘𝜌
, 𝑣𝑘𝜌 ). It

checks whether 𝜌𝑐 makes a full match and returns true if so.
To reduce FNs, deep checking is conducted for 𝑆 (𝑘𝜌 ) times,

where 𝑆 (𝑘𝜌 ) = |𝐺 |𝑘𝜌/|𝑄 | ≤ |𝐺 |, following a sampling rate decay
strategy [94]. Intuitively, the more remaining pattern vertices are
(i.e., the larger 𝑘𝜌 is), the more deep checking steps are performed.
This strategy is to strike a balance between the complexity and
accuracy. Other strategies can be used instead to reduce FNs.

As shown in Figure 6,DeepCheck generates at most 𝑆 (𝑘𝜌 ) exten-
sions of 𝜌 (line 2). Each extension samples one vertex 𝑣𝑖 in C(𝑢′

𝑖
) for

each 𝑖 ∈ [1, 𝑘𝜌 ] (line 3), and forms 𝜌𝑐 = 𝜌 + (𝑢′1, 𝑣1), . . . , (𝑢
′
𝑘𝜌
, 𝑣𝑘𝜌 )

(line 4). DeepCheck checks whether 𝜌𝑐 is valid; if so, it returns true.
It returns false if none of the 𝑆 (𝑘𝜌 ) extensions finds a full match.

Example 4:Consider graph𝐺 , pattern𝑄 andmatching orderO (i.e.,
tree T ) in Figure 1. VF3𝐷

𝑀
first selects candidates for each pattern

vertex in 𝑄 via graded simulation. It then enumerates matches in
𝑄 (𝐺) following O. Unlike VF3, upon mapping 𝑢2 to 𝑣2, VF3𝐷𝑀 calls
M to check whether the partial match 𝜌 is valid. If so, it expands
𝜌 by mapping 𝑢3 to 𝑡12 in 𝐺 ; otherwise, it calls DeepCheck to map
𝑢3, . . . , 𝑢7 to vertices along the path from 𝑡12 in 𝐺 . If DeepCheck
returns false and S(1) = 1, it backtracks without mapping 𝑢3 to
another child 𝑡22 of 𝑣2, and inspects other candidates of 𝑢2. 2

4 Performance Guarantees
This section studies the efficiency and accuracy of VF3𝑀 algorithms.
We report negative (Section 4.1) and positive (Section 4.2) results.

We first present the measures for evaluating these two aspects.

Efficiency. We adopt the following two measures for efficiency.
Output polynomial. As remarked in Section 2, we say that a VF3𝑀
algorithm is output-polynomial for SubIso if its time cost can be
expressed as a polynomial in the size of input (graph𝐺 and pattern
𝑄) and the size of output (the set of matches |𝑄 (𝐺) |).
Competitive ratio. Following [70], we define the competitive ratio 𝜆
of a VF3𝑀 algorithm w.r.t. a yardstick optimal algorithm such that

cost(𝑄,𝐺) ≤ 𝜆 OPT(𝑄,𝐺),
where cost(𝑄,𝐺) denotes the cost of VF3𝑀 for computing 𝑄 (𝐺),
and OPT is the cost incurred by the optimal offline algorithm. The
smaller the ratio 𝜆 is (𝜆 ≥ 1), the more efficient the algorithm is.

Accuracy. Consider aVF3𝑀 algorithmA.Wemeasure the accuracy
of A in terms of F1 measure: 𝐹1(A) = 2·precision·recall

(precision+recall) . Here the
precision ofA is the ratio of true matches found byA to all matches
returned by A, i.e., precision = |Output∩𝑄 (𝐺 ) |

|Output | , and the recall is the

Input: 𝐺 ,𝑄 , 𝜌 , 𝑢 ∈ 𝑄 , and 𝑣 ∈ 𝐺 as in Figure 3.
Output: true if 𝜌 is valid.
1. let 𝑢′1, . . . ,𝑢

′
𝑘𝜌

be the remaining pattern vertices to be matched; 𝑗 := 0;
2. for each 𝑗 ≤ 𝑆 (𝑘𝜌 ) then
3. randomly sample one vertex 𝑣𝑖 in C(𝑢′

𝑖
) for each 𝑖 ∈ [1, 𝑘𝜌 ];

4. 𝜌𝑐 := 𝜌 + (𝑢′1, 𝑣1 ) + · · · + (𝑢′
𝑘𝜌
, 𝑣𝑘𝜌 ) ; 𝑗 := 𝑗 + 1;

5. if 𝜌𝑐 is a full match then
6. return true;
7. return false;

Figure 6: Procedure DeepCheck in VF3𝐷
𝑀

ratio of true matches returned by A to all true matches in 𝑄 (𝐺),
i.e., recall = |Output∩𝑄 (𝐺 ) |

|𝑄 (𝐺 ) | , for patterns 𝑄 and graphs 𝐺 .
To evaluate the impact of the embedded ML model M on the

accuracy of A, we also study the following two measures.

Consistency. Denote the error rate of modelM by 𝜂, which is the
probability thatM makes wrong predictions. A VF3𝑀 algorithm
A with M is consistent if 𝐹1(A) = 1 when 𝜂 = 0, i.e., when M
tends to be error-free, A finds all and only the matches in 𝑄 (𝐺).
Robustness. A VF3𝑀 algorithm A with ML model M is 𝛽-robust if
𝐹1(A) ≥ 𝛽 for a bound 𝛽 regardless of 𝜂; i.e., it is still able to find
true matches even whenM makes arbitrarily bad predictions.

4.1 Negative Results
We start with an impossibility result.

Theorem 2: No algorithm exists for SubIso that is both output poly-
nomial and 𝛽-robust for any positive constant 𝛽 unless fewP = P. 2

Here fewP is the class of problems that can be recognized by
nondeterministic Turing machines 𝑇 in polynomial time and have
polynomially-bounded number of solutions [9]. It is known that
P ⊆ fewP [53, 81], and fewP = P is likely improbable as P = NP [36].

Proof sketch: We prove that if there exists an output-polynomial
and 𝛽-robust algorithmA for SubIso, where 𝛽 is a positive constant,
then fewP = P. Assume by contradiction that such an algorithm
A exists with 𝐹1(A) ≥ 𝛽 ; we show that fewP ⊆ P. (1) We first
construct a parsimonious reduction from fewP to a subset of SubIso,
denoted by SubIsoP, which is the set of SubIso instances𝐶 = (𝑄,𝐺)
such that 𝑄 (𝐺) consists of polynomially many matches of 𝑄 in
𝐺 [33, 79]. (2) Using algorithm A, we develop a PTIME algorithm
B to check whether 𝑇 accepts 𝑥 as follows: run A to compute
matches 𝑄 (𝐺) of 𝑄 in 𝐺 ; if A returns at least one match, then
return true, i.e.,𝑇 accepts 𝑥 ; otherwise, return false. We can readily
verify the correctness of the reduction and that algorithm B is in
PTIME. Thus fewP ⊆ P and hence, fewP = P by P ⊆ fewP [53, 81].
In other words, algorithm A does not exist unless fewP = P. 2

4.2 Positive Results
Despite Theorem 2, we show that VF3𝑀 algorithms VF3𝑁

𝑀
, VF3𝑂

𝑀

and VF3𝐷
𝑀

have certain performance guarantees.
4.2.1 Accuracy. We start with precision and consistency.

Consistency. All the three VF3𝑀 algorithms are consistent.

Theorem 3: Algorithms VF3𝑁
𝑀
, VF3𝑂

𝑀
and VF3𝐷

𝑀
always (1) have

precision = 1 and (2) are consistent. 2

Proof sketch: (1) For precision, observe that every match returned
by the three VF3𝑀 algorithms is in 𝑄 (𝐺), since it is returned only

5



when it is full and valid (see lines 1-2 of procedure Enumerate).
(2) When the error rate 𝜂 ofM is 0, we show that the F1 measure of
the three algorithms is 1. It suffices to show that the recall of VF3𝑁

𝑀
is 1, since the precision of all three VF3𝑀 algorithms is 1, and the
recalls of VF3𝑂

𝑀
and VF3𝐷

𝑀
are not smaller than that of VF3𝑁

𝑀
.

For VF3𝑁
𝑀
, we show that for each full match 𝜌 ∈ 𝑄 (𝐺), VF3𝑁

𝑀
returns 𝜌 when 𝜂 = 0. Let 𝜌1, . . . , 𝜌 |𝑄 | be all the partial matches of
𝜌 constructed following the matching order O. Since VF3𝑁

𝑀
follows

the predictions ofM, andM returns true for each partial match 𝜌𝑖
when 𝜂 = 0, VF3𝑁

𝑀
extends 𝜌𝑖 to 𝜌𝑖+1 for all 𝑖 ∈ [1, |𝑄 | − 1]. Since

𝜌𝑄 = 𝜌 is full, VF3𝑁
𝑀

returns 𝜌 at line 2 of procedure Enumerate. 2

Robustbess. We have a lower bound for the robustness of VF3𝑁
𝑀

using its output. Here we assume w.l.o.g. that the prediction of M
is “monotonically decreasing” (see Section 5), i.e., if a partial match
𝜌 is extended from partial one 𝜌′, when M(𝐺,𝑄, 𝜌′) = false, the
prediction M(𝐺,𝑄, 𝜌) must also be false. Intuitively, since 𝜌 is
extended from 𝜌′, the search space for full matches of 𝜌′ is larger,
and when 𝜌′ cannot be extended to a full match, neither can 𝜌 .

Theorem 4: Given graph 𝐺 and pattern 𝑄 , for constant 𝜀 ∈ (0, 1),
VF3𝑁

𝑀
is 2Output𝑇

2Output𝑇 +𝑓 (𝜀 )
-robust with a probability of at least 1 − 𝜀. 2

Here (a) Output𝑇 denotes the number of full matches returned
by VF3𝑁

𝑀
; and (b) 𝑓 (𝜀) = 𝑁NB, where 𝑁N is the number of false

predictions ofM, and B =
1+𝜂 |𝐺 |− |𝐺 |+

√︃
( |𝐺 |−1−|𝐺 |𝜂 )2−4(1− 𝜀

𝑁N
)

2𝜂 .

Proof sketch: Since the precision of VF3𝑁
𝑀

is 1, it suffices to show
that the recall of VF3𝑁

𝑀
is at least Output𝑇

OutputT+𝑁NB . Let R = Output𝑇 +
Miss, whereMiss is the number of matches missed by VF3𝑁

𝑀
. Since

recall can be rephrased as Output𝑇
Output𝑇 +Miss , we prove an upper bound

for Miss. We show that the number of missed matches for each
false prediction ofM is bounded by B with a probability of at least
1 − 𝜀

𝑁N
. Then, by using the generalized Bonferroni inequality [30],

we show that the recall of VF3𝑁
𝑀

is at least Output𝑇
OutputT+𝑁NB , i.e., VF3𝑁

𝑀

is Output𝑇
Output𝑇 +𝑁NB -robust, with a probability of at least 1 − 𝜀. 2

We next show that VF3𝑂
𝑀

and VF3𝐷
𝑀

are “almost” 1-robust. As
commonly found in practice,M makes wrong predictions typically
whenM(𝐺,𝑄, 𝜌) falls in the range [𝛿𝐹 , 𝛿𝑇 ), i.e.,whenM is neither
confident to predict true nor certain to predict false. To evaluate
the impact of range [𝛿𝐹 , 𝛿𝑇 ) on VF3𝑀 , denote by 𝑝u the ratio of full
matches at which the confidences ofM(𝐺,𝑄, 𝜌) are in the range
[𝛿𝐹 , 𝛿T) to all full matches missed by VF3𝑀 . Denote by Output𝑇
(resp. Output𝐹𝑇 and Output𝐹 ) the number of returned matches at
whichM(𝐺,𝑄, 𝜌) is in the range [𝛿𝑇 , 1] (resp. [𝛿𝐹 , 𝛿T) and [0, 𝛿𝐹 )).

Theorem 5: With a probability of at least 1 − 𝜀, algorithms
VF3𝑂

𝑀
and VF3𝐷

𝑀
are 2(Output𝑇 +Output𝐹𝑇 )

2Output𝑇 +2Output𝐹𝑇 +(1−𝑝u )𝑁NB -robust and
2(Output𝑇 +Output𝐹𝑇 +Output𝐹 )

2Output𝑇 +2Output𝐹𝑇 +2Output𝐹 +(1−𝑝u )𝑁NB -robust, respectively. 2

Observe that when the ratio 𝑝u approximates 1, i.e., when full
matches missed by VF3𝑀 fall in [𝛿𝐹 , 𝛿T), the recalls of VF3𝑂𝑀 and
VF3𝐷

𝑀
approach 1 and both algorithms are almost 1-robust.

Proof sketch: We first show that the recall of VF3𝑂
𝑀

is at least
Output𝑇 +Output𝐹𝑇

Output𝑇 +Output𝐹𝑇 +(1−𝑝𝑢 )𝑁NB . Observe that VF3𝑁
𝑀

misses at most
𝑁NB full matches with a probability of 1 − 𝜀, as shown in The-
orem 4. VF3𝑂

𝑀
improves the recalls by further returning the full

matches when the confidences ofM are in the range [𝛿F, 𝛿T). More-
over, there exist at most (1 − 𝑝u)𝑁NB full matches at which the
confidences of M are below 𝛿F. Thus the recall of VF3𝑂𝑀 is at least

Output𝑇 +Output𝐹𝑇
Output𝑇 +Output𝐹𝑇 +(1−𝑝𝑢 )𝑁NB . The analysis of VF3𝐷

𝑀
is similar. □

4.2.2 Efficiency. Below we first study when the VF3𝑀 algorithms
are output polynomial. We then investigate their competitive ratios.

Output polynomial. VF3𝑁
𝑀

is “almost” output polynomial.

Theorem 6: Given graph 𝐺 and graph pattern 𝑄 , VF3𝑁
𝑀

is output
polynomial with a high probability. For a constant 𝜀 ∈ (0, 1), VF3𝑁

𝑀
runs in |𝑄 | |𝐺 | (Output𝑇 + 1) × C time with a probability of at least

1 − 𝜀, where C =
1+(1−𝜂 ) |𝐺 |− |𝐺 |+

√
( |𝐺 |−1−|𝐺 | (1−𝜂 ) )2−4(1−𝜀 )
2(1−𝜂 ) . 2

Proof sketch:We show the following: (1) whenM is error-free,
VF3𝑁

𝑀
is output polynomial; and (2) whenM is not very accurate,

VF3𝑁
𝑀

is output polynomial with a probability of at least 1 − 𝜀.

(1) When M is error-free, it suffices to show that Enumerate is
called at most𝑂 ( |𝐺 | (Output𝑇 +1)) times. For if it holds, VF3𝑁

𝑀
runs

in 𝑂 ( |𝑄 | |𝐺 | (Output𝑇 + 1)) time, i.e., VF3𝑁
𝑀

is output polynomial.
Indeed, consider the following two cases. (a) When M returns
true for a partial match 𝜌 , 𝜌 is valid, and the total number of true
predictions is bounded by 𝑂 ( |𝑄 |Output𝑇 ). (b) When M returns
false for 𝜌 , IsFeasible𝑀 directly returns false, which is in𝑂 (1) time.

(2) We next show that when the error rate of M is 𝜂, VF3𝑁
𝑀

is
output polynomial with a high probability. Consider the following
four cases of M predictions: (a) true negatives (TN), (b) FN, (c)
true positives (TT), and (d) FP. Cases (a)-(c) can be analyzed
as in (1). For case (d), denote by S the set of minimal partial
matches 𝜌min such that (i) M returns false on 𝜌min, and (ii) M
predicts true on all partial matches from which 𝜌min is extended.
We show that with a probability of at least 1 − 𝜀

|S | , for any
minimal partial match 𝜌′

𝑘
(𝑘 ∈ [1, |S|]), there exist at most

C′ =
1+(1−𝜂 ) |𝐺 |− |𝐺 |+

√︃
( |𝐺 |−1−|𝐺 | (1−𝜂 ) )2−4(1− 𝜀

|S| )
2(1−𝜂 ) false-positive

(FP) predictions when M checks partial matches extended from
𝜌′
𝑘
. Then we use the generalized Bonferroni inequality [30]

to show that the number of FP predictions is bounded by
|𝐺 | (Output𝑇 + 1) × C with a probability of at least 1 − 𝜀. 2

Remark. (1) By Theorem 2, it is beyond reach in practice to train
an error-free ML model M for SubIso, since otherwise, VF3𝑁

𝑀
is

both 1-robust and output polynomial. This said, more accurate ML
models for SubIso yield a higher recall for algorithm VF3𝑁

𝑀
. We will

train an ML model for SubIso with high accuracy in Section 5.
(2) In contrast, when 𝑝u = 1, i.e.,when all those full matches missed
by M fall in the confidence range [𝛿𝐹 , 𝛿T), VF3𝑂𝑀 and VF3𝐷

𝑀
call

IsFeasible as VF3, and they behave the same as VF3. Hence unless
M is accurate, they cannot be output-polynomial by Theorem 2.

Competitive ratio. We start with algorithm VF3𝑁
𝑀
.
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Corollary 7: Given graph𝐺 and pattern 𝑄 , for a constant 𝜀 ∈ (0, 1),
the competitive ratio of VF3𝑁

𝑀
is 2|𝐺 |C 𝑓 (𝑄,M) with a probability of

at least 1−𝜀, where C =
1+(1−𝜂 ) |𝐺 |− |𝐺 |+

√
( |𝐺 |−1−|𝐺 | (1−𝜂 ) )2−4(1−𝜀 )
2(1−𝜂 ) ,

and 𝑓 (𝑄,M) denotes the cost forM to make a prediction. 2

Proof: The cost of VF3𝑁
𝑀

is bounded by |𝐺 | (Output𝑇 + 1) × C ×
𝑓 (𝑄,𝑀)with a high probability by Theorem 6. Since the precision of
VF3𝑁

𝑀
is 1, there exist at least Output𝑇 many full matches in 𝑄 (𝐺),

and hence Output𝑇 ≤ OPT, i.e., the cost incurred by the optimal
offline algorithm is at least Output𝑇 . Then the cost of VF3𝑁

𝑀
is at

most |𝐺 | (Output𝑇 + 1) × C × 𝑓 (𝑄,M) ≤ 2|𝐺 |C 𝑓 (𝑄,M) ·OPT. In
practice, 𝑓 (𝑄,M) is often a polynomial afterM is trained. 2

We next study the competitive ratio of VF3𝑂
𝑀

and VF3𝐷
𝑀
. Recall

𝑝u given earlier. Let 𝑁𝑐 = |𝐺 |C|𝑄 |𝑝u 𝑁N
Output𝑇

B.

Proposition 8: The competitive ratio of VF3𝑂
𝑀

(resp. VF3𝐷
𝑀
) is

5𝑁𝑐 (𝑓 (𝑄,M) + |𝐺 | |𝑄 |) (resp. 5𝑁𝑐 (𝑓 (𝑄,M) + 2|𝐺 |2 |𝑄 |)). 2

Proof sketch: We prove the competitive ratio for VF3𝑂
𝑀
. The

analysis of VF3𝐷
𝑀

is similar and hence omitted. We partition the
partial matches into three parts based on the predictions of M:
whenM has confidence (a) above 𝛿T; (b) between 𝛿T and 𝛿F; and (c)
below 𝛿F. We prove the competitive ratio for each of these cases. 2

5 Embedding and Learning
This section trains an ML modelM for VF3𝑀 . Given a pattern𝑄 , a
graph𝐺 and a partial match 𝜌 of𝑄 in𝐺 , modelM predicts whether
𝜌 is valid, i.e., whether it can be extended to a full match of 𝑄 in 𝐺 .

Challenges. It is nontrivial to train M. Model M should be (a)
efficient since it is possibly invoked exponentially many times by
VF3𝑀 to make predictions, and (b) accurate to ensure the recall of
VF3𝑀 . Moreover, it (c) has to encode both edge labels and directions
to retain the topology of 𝑄 and 𝐺 , and (d) should be monotonically
decreasing, to ensure the robustness of VF3𝑀 (see Section 4).

One might want to use existing models for subgraph matching
or counting, e.g., D2Match [69], SKETCH [113] and DMPNN [68].
However, these models do not work here since they (1) do not take
partial match 𝜌 of a pattern𝑄 as input, and (2) even when we extend
these models to predict 𝜌 , they check only unmatched part of 𝑄
without considering what is already matched in 𝜌 (see Section 6).

Overview. To tackle these challenges, we train M as shown in
Figure 7. Given graph𝐺 , pattern 𝑄 and a partial match 𝜌 (colored
in red in 𝐺 and 𝑄), we (1) compute the embeddings of vertices in
𝐺 and 𝑄 using IDGNN; (2) partition𝐺 and 𝑄 into multiple paths;
(3) aggregate the embeddings of the paths by concatenating their
vertex embeddings; and (4) make a prediction by comparing the
embeddings of these paths in the order embedding space [105].
(1) We employ IDGNN [107] to extract topological information of𝐺
and 𝑄 . IDGNN extends vanilla GNNs by incorporating vertex iden-
tities into the message passing procedure, and works better than
GNN in distinguishing non-isomorphic graphs. We further extend
IDGNN to accommodate graphs with edge labels and directions.

(2) For efficiency, we pre-compute embeddings of vertices with
IDGNN for graph 𝐺 and pattern 𝑄 before the enumeration. We
compute the vertex embedding of 𝐺 (resp. 𝑄) only once, and reuse

them when comparing different patterns (resp. partial matches).

(3) We implement a partition-based strategy [104] to enhance the
accuracy of M. Intuitively, the paths catch topological details of 𝐺
and 𝑄 , such as vertices being connected along the same path, and
helpM make accurate predictions. In contrast, existing models, e.g.,
D2Match [69], SKETCH [113] and DMPNN [68], typically make a
prediction solely based on the embeddings of the entire 𝐺 and 𝑄 ,
and may overlook the structural insights provided by these paths.

(4) Given a partial match 𝜌 , we assign different weights to vertices
based on their inclusion in 𝜌 , during path embedding computation.
This helpsM preserve the existing vertex mappings encoded by the
partial match 𝜌 . To makeM monotonically decreasing, we increase
the confidence score by a constant determined by 𝜌 , and expand
the training set with known invalid partial matches (see below).

5.1 Graph Embedding
We now present steps (1)–(4) one by one.

(1) Vertex embedding. Given a graph 𝐺 and a vertex 𝑣 , GNN
computes an embedding of 𝑣 via iterative aggregation of the embed-
dings of its neighbors. It gathers the embeddings of its neighbors,
aggregates these embeddings via a message passing function MSG,
and updates the embedding of 𝑣 with an aggregation function AGG.
These steps are repeated 𝑚 times, for a predefined parameter 𝑚
(a.k.a. the number of layers in GNN). However, such GNN may fail
to distinguish non-isomorphic graphs. It is no more expressive than
1-dimensional Weisfeiler-Leman (1-WL) test [101].

To improve the accuracy ofM, we adopt IDGNN, which extends
vanilla GNNs by using differentMSG functions for different vertices.
IDGNN is more expressive than 1-WL test and vanilla GNN [107],
and can better distinguish non-isomorphic graphs.More specifically,
it computes the embedding of each vertex 𝑣 as follows: it (1) first
collects a𝑚-hop subgraph𝐺𝑣 centered at 𝑣 , and (2) then iteratively
computes the embedding of each vertex 𝑢 in 𝐺𝑣 by:

ℎ0𝑢 := 𝑥𝑢 , (1)

ℎ𝑙+1𝑢 := AGG𝑙 ({MSG𝑙I(𝑢𝑛=𝑣) (ℎ
𝑙
𝑢 ), 𝑢𝑛 ∈ 𝑁 (𝑢)}, ℎ𝑙𝑢 ). (2)

Here (a) 𝑥𝑢 is the initial feature of vertex 𝑢 in 𝐺𝑣 , e.g., the em-
bedding of its label; (b) AGG𝑙 is the aggregation function, which
updates the embedding of 𝑢 by combining its current embedding
ℎ𝑙𝑢 with the information of its neighbors collected through the mes-
sage passing function MSG𝑙I(𝑢𝑛=𝑣) ; (c) for each neighbor 𝑢𝑛 of 𝑢,

MSG𝑙I(𝑢𝑛=𝑣) (ℎ𝑢𝑛 ) constructs a message sent to 𝑢 using the embed-

ding ℎ𝑙𝑢𝑛 of 𝑢𝑛 ; and (d) I(𝑢𝑛 = 𝑣) is an indicator function, returning
1 if 𝑢𝑛 and 𝑣 are the same vertex, and 0 otherwise.

Here MSG𝑙I(𝑢𝑛=𝑣) is not uniform across all vertices in 𝐺𝑣 , and

IDGNN utilizes distinct message passing functions for 𝑣 (i.e.,MSG𝑙1)
and other vertices in 𝐺𝑣 (i.e., MSG𝑙0). To accommodate edge labels
and directions, IDGNN assigns distinct weights to different edge la-
bels when constructing messages for its neighbors viaMSG [87]; it
groups and concatenates the embeddings of incoming and outgoing
edges of 𝑢 when updating the embedding of 𝑢 [55]. The subgraph
𝐺𝑣 can be computed efficiently by sampling neighbors [49], and is
only used to calculate the embedding of 𝑣 [107].

(2) Path partition. Given a graph 𝐺 , we partition 𝐺 into a set of
7
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b  <latexit sha1_base64="fcyb0cp3rVyOGX/5n5hqRGKomhw=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJkCrspoh2BmwsEzQXSJYwO5lNhszOLjOzQlhSWtpYKGJrbZ3nsPMZfAknl0ITfxj4+P9zmHOOF3GmtG1/Wam19Y3NrfR2Zmd3b/8ge3jUUGEsCa2TkIey5WFFORO0rpnmtBVJigOP06Y3vJ7mzXsqFQvFnR5F1A1wXzCfEayNdZsn+W42ZxftmdAqOAvIXX1Mat8Pp5NqN/vZ6YUkDqjQhGOl2o4daTfBUjPC6TjTiRWNMBniPm0bFDigyk1mo47RuXF6yA+leUKjmfu7I8GBUqPAM5UB1gO1nE3N/7J2rP1LN2EiijUVZP6RH3OkQzTdG/WYpETzkQFMJDOzIjLAEhNtrpMxR3CWV16FRqnolIvlmpOrFGCuNJzAGRTAgQuowA1UoQ4E+vAIz/BicevJerXe5qUpa9FzDH9kvf8AK7GRbQ==</latexit>c<latexit sha1_base64="fcyb0cp3rVyOGX/5n5hqRGKomhw=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJkCrspoh2BmwsEzQXSJYwO5lNhszOLjOzQlhSWtpYKGJrbZ3nsPMZfAknl0ITfxj4+P9zmHOOF3GmtG1/Wam19Y3NrfR2Zmd3b/8ge3jUUGEsCa2TkIey5WFFORO0rpnmtBVJigOP06Y3vJ7mzXsqFQvFnR5F1A1wXzCfEayNdZsn+W42ZxftmdAqOAvIXX1Mat8Pp5NqN/vZ6YUkDqjQhGOl2o4daTfBUjPC6TjTiRWNMBniPm0bFDigyk1mo47RuXF6yA+leUKjmfu7I8GBUqPAM5UB1gO1nE3N/7J2rP1LN2EiijUVZP6RH3OkQzTdG/WYpETzkQFMJDOzIjLAEhNtrpMxR3CWV16FRqnolIvlmpOrFGCuNJzAGRTAgQuowA1UoQ4E+vAIz/BicevJerXe5qUpa9FzDH9kvf8AK7GRbQ==</latexit>c

 <latexit sha1_base64="fcyb0cp3rVyOGX/5n5hqRGKomhw=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJkCrspoh2BmwsEzQXSJYwO5lNhszOLjOzQlhSWtpYKGJrbZ3nsPMZfAknl0ITfxj4+P9zmHOOF3GmtG1/Wam19Y3NrfR2Zmd3b/8ge3jUUGEsCa2TkIey5WFFORO0rpnmtBVJigOP06Y3vJ7mzXsqFQvFnR5F1A1wXzCfEayNdZsn+W42ZxftmdAqOAvIXX1Mat8Pp5NqN/vZ6YUkDqjQhGOl2o4daTfBUjPC6TjTiRWNMBniPm0bFDigyk1mo47RuXF6yA+leUKjmfu7I8GBUqPAM5UB1gO1nE3N/7J2rP1LN2EiijUVZP6RH3OkQzTdG/WYpETzkQFMJDOzIjLAEhNtrpMxR3CWV16FRqnolIvlmpOrFGCuNJzAGRTAgQuowA1UoQ4E+vAIz/BicevJerXe5qUpa9FzDH9kvf8AK7GRbQ==</latexit>c<latexit sha1_base64="fcyb0cp3rVyOGX/5n5hqRGKomhw=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJkCrspoh2BmwsEzQXSJYwO5lNhszOLjOzQlhSWtpYKGJrbZ3nsPMZfAknl0ITfxj4+P9zmHOOF3GmtG1/Wam19Y3NrfR2Zmd3b/8ge3jUUGEsCa2TkIey5WFFORO0rpnmtBVJigOP06Y3vJ7mzXsqFQvFnR5F1A1wXzCfEayNdZsn+W42ZxftmdAqOAvIXX1Mat8Pp5NqN/vZ6YUkDqjQhGOl2o4daTfBUjPC6TjTiRWNMBniPm0bFDigyk1mo47RuXF6yA+leUKjmfu7I8GBUqPAM5UB1gO1nE3N/7J2rP1LN2EiijUVZP6RH3OkQzTdG/WYpETzkQFMJDOzIjLAEhNtrpMxR3CWV16FRqnolIvlmpOrFGCuNJzAGRTAgQuowA1UoQ4E+vAIz/BicevJerXe5qUpa9FzDH9kvf8AK7GRbQ==</latexit>c  <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a

 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a

 <latexit sha1_base64="kwjUTGuwYiZexkg8bh1JY8kZpvA=">AAAB93icbVDLSsNAFL3xWeur6lKQYCt0VRIX1Z0FNy5bsA9oQ5lMJu3QySTMTIQQuvQn3LhQxJXgrt/hzm/wH9TpQ9DWc7lwOOde5s5xI0alsqx3Y2l5ZXVtPbOR3dza3tnN7e03ZBgLTOo4ZKFouUgSRjmpK6oYaUWCoMBlpOkOLsd+84YISUN+rZKIOAHqcepTjJSW+lAADwqfXz/VzeWtkjWBuUjsGclfvIxqH7dHo2o399bxQhwHhCvMkJRt24qUkyKhKGZkmO3EkkQID1CPtDXlKCDSSSd3D80TrXimHwrdXJkT9fdGigIpk8DVkwFSfTnvjcX/vHas/HMnpTyKFeF4+pAfM1OF5jgE06OCYMUSTRAWVN9q4j4SCCsdVVaHYM9/eZE0Tkt2uVSu2flKEabIwCEcQxFsOIMKXEEV6oBBwR08wKORGPfGk/E8HV0yZjsH8AfG6zdgm5vp</latexit>

d
<latexit sha1_base64="kwjUTGuwYiZexkg8bh1JY8kZpvA=">AAAB93icbVDLSsNAFL3xWeur6lKQYCt0VRIX1Z0FNy5bsA9oQ5lMJu3QySTMTIQQuvQn3LhQxJXgrt/hzm/wH9TpQ9DWc7lwOOde5s5xI0alsqx3Y2l5ZXVtPbOR3dza3tnN7e03ZBgLTOo4ZKFouUgSRjmpK6oYaUWCoMBlpOkOLsd+84YISUN+rZKIOAHqcepTjJSW+lAADwqfXz/VzeWtkjWBuUjsGclfvIxqH7dHo2o399bxQhwHhCvMkJRt24qUkyKhKGZkmO3EkkQID1CPtDXlKCDSSSd3D80TrXimHwrdXJkT9fdGigIpk8DVkwFSfTnvjcX/vHas/HMnpTyKFeF4+pAfM1OF5jgE06OCYMUSTRAWVN9q4j4SCCsdVVaHYM9/eZE0Tkt2uVSu2flKEabIwCEcQxFsOIMKXEEV6oBBwR08wKORGPfGk/E8HV0yZjsH8AfG6zdgm5vp</latexit>

d

 <latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b
<latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b

 <latexit sha1_base64="fcyb0cp3rVyOGX/5n5hqRGKomhw=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJkCrspoh2BmwsEzQXSJYwO5lNhszOLjOzQlhSWtpYKGJrbZ3nsPMZfAknl0ITfxj4+P9zmHOOF3GmtG1/Wam19Y3NrfR2Zmd3b/8ge3jUUGEsCa2TkIey5WFFORO0rpnmtBVJigOP06Y3vJ7mzXsqFQvFnR5F1A1wXzCfEayNdZsn+W42ZxftmdAqOAvIXX1Mat8Pp5NqN/vZ6YUkDqjQhGOl2o4daTfBUjPC6TjTiRWNMBniPm0bFDigyk1mo47RuXF6yA+leUKjmfu7I8GBUqPAM5UB1gO1nE3N/7J2rP1LN2EiijUVZP6RH3OkQzTdG/WYpETzkQFMJDOzIjLAEhNtrpMxR3CWV16FRqnolIvlmpOrFGCuNJzAGRTAgQuowA1UoQ4E+vAIz/BicevJerXe5qUpa9FzDH9kvf8AK7GRbQ==</latexit>c<latexit sha1_base64="fcyb0cp3rVyOGX/5n5hqRGKomhw=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJkCrspoh2BmwsEzQXSJYwO5lNhszOLjOzQlhSWtpYKGJrbZ3nsPMZfAknl0ITfxj4+P9zmHOOF3GmtG1/Wam19Y3NrfR2Zmd3b/8ge3jUUGEsCa2TkIey5WFFORO0rpnmtBVJigOP06Y3vJ7mzXsqFQvFnR5F1A1wXzCfEayNdZsn+W42ZxftmdAqOAvIXX1Mat8Pp5NqN/vZ6YUkDqjQhGOl2o4daTfBUjPC6TjTiRWNMBniPm0bFDigyk1mo47RuXF6yA+leUKjmfu7I8GBUqPAM5UB1gO1nE3N/7J2rP1LN2EiijUVZP6RH3OkQzTdG/WYpETzkQFMJDOzIjLAEhNtrpMxR3CWV16FRqnolIvlmpOrFGCuNJzAGRTAgQuowA1UoQ4E+vAIz/BicevJerXe5qUpa9FzDH9kvf8AK7GRbQ==</latexit>c

 <latexit sha1_base64="r1LdnmC/1E7XfWQjQvqqItw7xos=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADCrnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZiK5vq</latexit>e<latexit sha1_base64="r1LdnmC/1E7XfWQjQvqqItw7xos=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADCrnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZiK5vq</latexit>e

 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a

 <latexit sha1_base64="kwjUTGuwYiZexkg8bh1JY8kZpvA=">AAAB93icbVDLSsNAFL3xWeur6lKQYCt0VRIX1Z0FNy5bsA9oQ5lMJu3QySTMTIQQuvQn3LhQxJXgrt/hzm/wH9TpQ9DWc7lwOOde5s5xI0alsqx3Y2l5ZXVtPbOR3dza3tnN7e03ZBgLTOo4ZKFouUgSRjmpK6oYaUWCoMBlpOkOLsd+84YISUN+rZKIOAHqcepTjJSW+lAADwqfXz/VzeWtkjWBuUjsGclfvIxqH7dHo2o399bxQhwHhCvMkJRt24qUkyKhKGZkmO3EkkQID1CPtDXlKCDSSSd3D80TrXimHwrdXJkT9fdGigIpk8DVkwFSfTnvjcX/vHas/HMnpTyKFeF4+pAfM1OF5jgE06OCYMUSTRAWVN9q4j4SCCsdVVaHYM9/eZE0Tkt2uVSu2flKEabIwCEcQxFsOIMKXEEV6oBBwR08wKORGPfGk/E8HV0yZjsH8AfG6zdgm5vp</latexit>

d
<latexit sha1_base64="kwjUTGuwYiZexkg8bh1JY8kZpvA=">AAAB93icbVDLSsNAFL3xWeur6lKQYCt0VRIX1Z0FNy5bsA9oQ5lMJu3QySTMTIQQuvQn3LhQxJXgrt/hzm/wH9TpQ9DWc7lwOOde5s5xI0alsqx3Y2l5ZXVtPbOR3dza3tnN7e03ZBgLTOo4ZKFouUgSRjmpK6oYaUWCoMBlpOkOLsd+84YISUN+rZKIOAHqcepTjJSW+lAADwqfXz/VzeWtkjWBuUjsGclfvIxqH7dHo2o399bxQhwHhCvMkJRt24qUkyKhKGZkmO3EkkQID1CPtDXlKCDSSSd3D80TrXimHwrdXJkT9fdGigIpk8DVkwFSfTnvjcX/vHas/HMnpTyKFeF4+pAfM1OF5jgE06OCYMUSTRAWVN9q4j4SCCsdVVaHYM9/eZE0Tkt2uVSu2flKEabIwCEcQxFsOIMKXEEV6oBBwR08wKORGPfGk/E8HV0yZjsH8AfG6zdgm5vp</latexit>

d

 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a
 <latexit sha1_base64="fcyb0cp3rVyOGX/5n5hqRGKomhw=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJkCrspoh2BmwsEzQXSJYwO5lNhszOLjOzQlhSWtpYKGJrbZ3nsPMZfAknl0ITfxj4+P9zmHOOF3GmtG1/Wam19Y3NrfR2Zmd3b/8ge3jUUGEsCa2TkIey5WFFORO0rpnmtBVJigOP06Y3vJ7mzXsqFQvFnR5F1A1wXzCfEayNdZsn+W42ZxftmdAqOAvIXX1Mat8Pp5NqN/vZ6YUkDqjQhGOl2o4daTfBUjPC6TjTiRWNMBniPm0bFDigyk1mo47RuXF6yA+leUKjmfu7I8GBUqPAM5UB1gO1nE3N/7J2rP1LN2EiijUVZP6RH3OkQzTdG/WYpETzkQFMJDOzIjLAEhNtrpMxR3CWV16FRqnolIvlmpOrFGCuNJzAGRTAgQuowA1UoQ4E+vAIz/BicevJerXe5qUpa9FzDH9kvf8AK7GRbQ==</latexit>c<latexit sha1_base64="fcyb0cp3rVyOGX/5n5hqRGKomhw=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJkCrspoh2BmwsEzQXSJYwO5lNhszOLjOzQlhSWtpYKGJrbZ3nsPMZfAknl0ITfxj4+P9zmHOOF3GmtG1/Wam19Y3NrfR2Zmd3b/8ge3jUUGEsCa2TkIey5WFFORO0rpnmtBVJigOP06Y3vJ7mzXsqFQvFnR5F1A1wXzCfEayNdZsn+W42ZxftmdAqOAvIXX1Mat8Pp5NqN/vZ6YUkDqjQhGOl2o4daTfBUjPC6TjTiRWNMBniPm0bFDigyk1mo47RuXF6yA+leUKjmfu7I8GBUqPAM5UB1gO1nE3N/7J2rP1LN2EiijUVZP6RH3OkQzTdG/WYpETzkQFMJDOzIjLAEhNtrpMxR3CWV16FRqnolIvlmpOrFGCuNJzAGRTAgQuowA1UoQ4E+vAIz/BicevJerXe5qUpa9FzDH9kvf8AK7GRbQ==</latexit>c

 <latexit sha1_base64="O/9iANFit/r/leIunPBAxtGP9Is=">AAAB6nicbZDLSgMxFIbP1Futt6pLF0ZbwYWWGRfVZcGNyxbtBdqhZNJMG5pkhiQjlKGP4MaFIm59Ine+hw9gello6w+Bj/8/h5xzgpgzbVz3y8msrK6tb2Q3c1vbO7t7+f2Dho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8HaSNx+p0iySD2YUU1/gvmQhI9hY675YK3bzBbfkToWWwZtDobLe4N/HJ5fVbv6z04tIIqg0hGOt254bGz/FyjDC6TjXSTSNMRniPm1blFhQ7afTUcfozDo9FEbKPmnQ1P3dkWKh9UgEtlJgM9CL2cT8L2snJrzxUybjxFBJZh+FCUcmQpO9UY8pSgwfWcBEMTsrIgOsMDH2Ojl7BG9x5WVoXJW8cqlc8wqVC5gpC0dwCufgwTVU4A6qUAcCfXiCF3h1uPPsvDnvs9KMM+85hD9yPn4AnTqPjA==</latexit>

Q
<latexit sha1_base64="O/9iANFit/r/leIunPBAxtGP9Is=">AAAB6nicbZDLSgMxFIbP1Futt6pLF0ZbwYWWGRfVZcGNyxbtBdqhZNJMG5pkhiQjlKGP4MaFIm59Ine+hw9gello6w+Bj/8/h5xzgpgzbVz3y8msrK6tb2Q3c1vbO7t7+f2Dho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8HaSNx+p0iySD2YUU1/gvmQhI9hY675YK3bzBbfkToWWwZtDobLe4N/HJ5fVbv6z04tIIqg0hGOt254bGz/FyjDC6TjXSTSNMRniPm1blFhQ7afTUcfozDo9FEbKPmnQ1P3dkWKh9UgEtlJgM9CL2cT8L2snJrzxUybjxFBJZh+FCUcmQpO9UY8pSgwfWcBEMTsrIgOsMDH2Ojl7BG9x5WVoXJW8cqlc8wqVC5gpC0dwCufgwTVU4A6qUAcCfXiCF3h1uPPsvDnvs9KMM+85hD9yPn4AnTqPjA==</latexit>

Q

 
<latexit sha1_base64="xg3EDYXFX/eRGA+i8smnJFroYlQ=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJYCFh1yLaGbDQMkFzgWQJs5PZZMjs7DIzK4QlpaWNhSK2voCdz2HnM+hDOLkUmvjDwMf/n8Occ7yIM6Vt+9NKLSwuLa+kVzNr6xubW9ntnZoKY0lolYQ8lA0PK8qZoFXNNKeNSFIceJzWvf7FKK/fUqlYKG70IKJugLuC+Yxgbazr/GW+nc3ZBXssNA/OFHLnb193+++V73I7+9HqhCQOqNCEY6Wajh1pN8FSM8LpMNOKFY0w6eMubRoUOKDKTcajDtGhcTrID6V5QqOx+7sjwYFSg8AzlQHWPTWbjcz/smas/TM3YSKKNRVk8pEfc6RDNNobdZikRPOBAUwkM7Mi0sMSE22ukzFHcGZXnofaScEpFooVJ1c6honSsAcHcAQOnEIJrqAMVSDQhXt4hCeLWw/Ws/UyKU1Z055d+CPr9QdLr5GM</latexit>

G
<latexit sha1_base64="xg3EDYXFX/eRGA+i8smnJFroYlQ=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJYCFh1yLaGbDQMkFzgWQJs5PZZMjs7DIzK4QlpaWNhSK2voCdz2HnM+hDOLkUmvjDwMf/n8Occ7yIM6Vt+9NKLSwuLa+kVzNr6xubW9ntnZoKY0lolYQ8lA0PK8qZoFXNNKeNSFIceJzWvf7FKK/fUqlYKG70IKJugLuC+Yxgbazr/GW+nc3ZBXssNA/OFHLnb193+++V73I7+9HqhCQOqNCEY6Wajh1pN8FSM8LpMNOKFY0w6eMubRoUOKDKTcajDtGhcTrID6V5QqOx+7sjwYFSg8AzlQHWPTWbjcz/smas/TM3YSKKNRVk8pEfc6RDNNobdZikRPOBAUwkM7Mi0sMSE22ukzFHcGZXnofaScEpFooVJ1c6honSsAcHcAQOnEIJrqAMVSDQhXt4hCeLWw/Ws/UyKU1Z055d+CPr9QdLr5GM</latexit>

G

(1) Vertex embedding (2) Path partition (3) Path embedding (4) Prediction
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 <latexit sha1_base64="fcyb0cp3rVyOGX/5n5hqRGKomhw=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJkCrspoh2BmwsEzQXSJYwO5lNhszOLjOzQlhSWtpYKGJrbZ3nsPMZfAknl0ITfxj4+P9zmHOOF3GmtG1/Wam19Y3NrfR2Zmd3b/8ge3jUUGEsCa2TkIey5WFFORO0rpnmtBVJigOP06Y3vJ7mzXsqFQvFnR5F1A1wXzCfEayNdZsn+W42ZxftmdAqOAvIXX1Mat8Pp5NqN/vZ6YUkDqjQhGOl2o4daTfBUjPC6TjTiRWNMBniPm0bFDigyk1mo47RuXF6yA+leUKjmfu7I8GBUqPAM5UB1gO1nE3N/7J2rP1LN2EiijUVZP6RH3OkQzTdG/WYpETzkQFMJDOzIjLAEhNtrpMxR3CWV16FRqnolIvlmpOrFGCuNJzAGRTAgQuowA1UoQ4E+vAIz/BicevJerXe5qUpa9FzDH9kvf8AK7GRbQ==</latexit>c<latexit sha1_base64="fcyb0cp3rVyOGX/5n5hqRGKomhw=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJkCrspoh2BmwsEzQXSJYwO5lNhszOLjOzQlhSWtpYKGJrbZ3nsPMZfAknl0ITfxj4+P9zmHOOF3GmtG1/Wam19Y3NrfR2Zmd3b/8ge3jUUGEsCa2TkIey5WFFORO0rpnmtBVJigOP06Y3vJ7mzXsqFQvFnR5F1A1wXzCfEayNdZsn+W42ZxftmdAqOAvIXX1Mat8Pp5NqN/vZ6YUkDqjQhGOl2o4daTfBUjPC6TjTiRWNMBniPm0bFDigyk1mo47RuXF6yA+leUKjmfu7I8GBUqPAM5UB1gO1nE3N/7J2rP1LN2EiijUVZP6RH3OkQzTdG/WYpETzkQFMJDOzIjLAEhNtrpMxR3CWV16FRqnolIvlmpOrFGCuNJzAGRTAgQuowA1UoQ4E+vAIz/BicevJerXe5qUpa9FzDH9kvf8AK7GRbQ==</latexit>c
 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a  <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a

 <latexit sha1_base64="kwjUTGuwYiZexkg8bh1JY8kZpvA=">AAAB93icbVDLSsNAFL3xWeur6lKQYCt0VRIX1Z0FNy5bsA9oQ5lMJu3QySTMTIQQuvQn3LhQxJXgrt/hzm/wH9TpQ9DWc7lwOOde5s5xI0alsqx3Y2l5ZXVtPbOR3dza3tnN7e03ZBgLTOo4ZKFouUgSRjmpK6oYaUWCoMBlpOkOLsd+84YISUN+rZKIOAHqcepTjJSW+lAADwqfXz/VzeWtkjWBuUjsGclfvIxqH7dHo2o399bxQhwHhCvMkJRt24qUkyKhKGZkmO3EkkQID1CPtDXlKCDSSSd3D80TrXimHwrdXJkT9fdGigIpk8DVkwFSfTnvjcX/vHas/HMnpTyKFeF4+pAfM1OF5jgE06OCYMUSTRAWVN9q4j4SCCsdVVaHYM9/eZE0Tkt2uVSu2flKEabIwCEcQxFsOIMKXEEV6oBBwR08wKORGPfGk/E8HV0yZjsH8AfG6zdgm5vp</latexit>

d
<latexit sha1_base64="kwjUTGuwYiZexkg8bh1JY8kZpvA=">AAAB93icbVDLSsNAFL3xWeur6lKQYCt0VRIX1Z0FNy5bsA9oQ5lMJu3QySTMTIQQuvQn3LhQxJXgrt/hzm/wH9TpQ9DWc7lwOOde5s5xI0alsqx3Y2l5ZXVtPbOR3dza3tnN7e03ZBgLTOo4ZKFouUgSRjmpK6oYaUWCoMBlpOkOLsd+84YISUN+rZKIOAHqcepTjJSW+lAADwqfXz/VzeWtkjWBuUjsGclfvIxqH7dHo2o399bxQhwHhCvMkJRt24qUkyKhKGZkmO3EkkQID1CPtDXlKCDSSSd3D80TrXimHwrdXJkT9fdGigIpk8DVkwFSfTnvjcX/vHas/HMnpTyKFeF4+pAfM1OF5jgE06OCYMUSTRAWVN9q4j4SCCsdVVaHYM9/eZE0Tkt2uVSu2flKEabIwCEcQxFsOIMKXEEV6oBBwR08wKORGPfGk/E8HV0yZjsH8AfG6zdgm5vp</latexit>

d

 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a

 <latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b
<latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b  <latexit sha1_base64="fcyb0cp3rVyOGX/5n5hqRGKomhw=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJkCrspoh2BmwsEzQXSJYwO5lNhszOLjOzQlhSWtpYKGJrbZ3nsPMZfAknl0ITfxj4+P9zmHOOF3GmtG1/Wam19Y3NrfR2Zmd3b/8ge3jUUGEsCa2TkIey5WFFORO0rpnmtBVJigOP06Y3vJ7mzXsqFQvFnR5F1A1wXzCfEayNdZsn+W42ZxftmdAqOAvIXX1Mat8Pp5NqN/vZ6YUkDqjQhGOl2o4daTfBUjPC6TjTiRWNMBniPm0bFDigyk1mo47RuXF6yA+leUKjmfu7I8GBUqPAM5UB1gO1nE3N/7J2rP1LN2EiijUVZP6RH3OkQzTdG/WYpETzkQFMJDOzIjLAEhNtrpMxR3CWV16FRqnolIvlmpOrFGCuNJzAGRTAgQuowA1UoQ4E+vAIz/BicevJerXe5qUpa9FzDH9kvf8AK7GRbQ==</latexit>c<latexit sha1_base64="fcyb0cp3rVyOGX/5n5hqRGKomhw=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJkCrspoh2BmwsEzQXSJYwO5lNhszOLjOzQlhSWtpYKGJrbZ3nsPMZfAknl0ITfxj4+P9zmHOOF3GmtG1/Wam19Y3NrfR2Zmd3b/8ge3jUUGEsCa2TkIey5WFFORO0rpnmtBVJigOP06Y3vJ7mzXsqFQvFnR5F1A1wXzCfEayNdZsn+W42ZxftmdAqOAvIXX1Mat8Pp5NqN/vZ6YUkDqjQhGOl2o4daTfBUjPC6TjTiRWNMBniPm0bFDigyk1mo47RuXF6yA+leUKjmfu7I8GBUqPAM5UB1gO1nE3N/7J2rP1LN2EiijUVZP6RH3OkQzTdG/WYpETzkQFMJDOzIjLAEhNtrpMxR3CWV16FRqnolIvlmpOrFGCuNJzAGRTAgQuowA1UoQ4E+vAIz/BicevJerXe5qUpa9FzDH9kvf8AK7GRbQ==</latexit>c

 <latexit sha1_base64="O/9iANFit/r/leIunPBAxtGP9Is=">AAAB6nicbZDLSgMxFIbP1Futt6pLF0ZbwYWWGRfVZcGNyxbtBdqhZNJMG5pkhiQjlKGP4MaFIm59Ine+hw9gello6w+Bj/8/h5xzgpgzbVz3y8msrK6tb2Q3c1vbO7t7+f2Dho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8HaSNx+p0iySD2YUU1/gvmQhI9hY675YK3bzBbfkToWWwZtDobLe4N/HJ5fVbv6z04tIIqg0hGOt254bGz/FyjDC6TjXSTSNMRniPm1blFhQ7afTUcfozDo9FEbKPmnQ1P3dkWKh9UgEtlJgM9CL2cT8L2snJrzxUybjxFBJZh+FCUcmQpO9UY8pSgwfWcBEMTsrIgOsMDH2Ojl7BG9x5WVoXJW8cqlc8wqVC5gpC0dwCufgwTVU4A6qUAcCfXiCF3h1uPPsvDnvs9KMM+85hD9yPn4AnTqPjA==</latexit>

Q
<latexit sha1_base64="O/9iANFit/r/leIunPBAxtGP9Is=">AAAB6nicbZDLSgMxFIbP1Futt6pLF0ZbwYWWGRfVZcGNyxbtBdqhZNJMG5pkhiQjlKGP4MaFIm59Ine+hw9gello6w+Bj/8/h5xzgpgzbVz3y8msrK6tb2Q3c1vbO7t7+f2Dho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8HaSNx+p0iySD2YUU1/gvmQhI9hY675YK3bzBbfkToWWwZtDobLe4N/HJ5fVbv6z04tIIqg0hGOt254bGz/FyjDC6TjXSTSNMRniPm1blFhQ7afTUcfozDo9FEbKPmnQ1P3dkWKh9UgEtlJgM9CL2cT8L2snJrzxUybjxFBJZh+FCUcmQpO9UY8pSgwfWcBEMTsrIgOsMDH2Ojl7BG9x5WVoXJW8cqlc8wqVC5gpC0dwCufgwTVU4A6qUAcCfXiCF3h1uPPsvDnvs9KMM+85hD9yPn4AnTqPjA==</latexit>

Q

 
<latexit sha1_base64="xg3EDYXFX/eRGA+i8smnJFroYlQ=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJYCFh1yLaGbDQMkFzgWQJs5PZZMjs7DIzK4QlpaWNhSK2voCdz2HnM+hDOLkUmvjDwMf/n8Occ7yIM6Vt+9NKLSwuLa+kVzNr6xubW9ntnZoKY0lolYQ8lA0PK8qZoFXNNKeNSFIceJzWvf7FKK/fUqlYKG70IKJugLuC+Yxgbazr/GW+nc3ZBXssNA/OFHLnb193+++V73I7+9HqhCQOqNCEY6Wajh1pN8FSM8LpMNOKFY0w6eMubRoUOKDKTcajDtGhcTrID6V5QqOx+7sjwYFSg8AzlQHWPTWbjcz/smas/TM3YSKKNRVk8pEfc6RDNNobdZikRPOBAUwkM7Mi0sMSE22ukzFHcGZXnofaScEpFooVJ1c6honSsAcHcAQOnEIJrqAMVSDQhXt4hCeLWw/Ws/UyKU1Z055d+CPr9QdLr5GM</latexit>

G
<latexit sha1_base64="xg3EDYXFX/eRGA+i8smnJFroYlQ=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJYCFh1yLaGbDQMkFzgWQJs5PZZMjs7DIzK4QlpaWNhSK2voCdz2HnM+hDOLkUmvjDwMf/n8Occ7yIM6Vt+9NKLSwuLa+kVzNr6xubW9ntnZoKY0lolYQ8lA0PK8qZoFXNNKeNSFIceJzWvf7FKK/fUqlYKG70IKJugLuC+Yxgbazr/GW+nc3ZBXssNA/OFHLnb193+++V73I7+9HqhCQOqNCEY6Wajh1pN8FSM8LpMNOKFY0w6eMubRoUOKDKTcajDtGhcTrID6V5QqOx+7sjwYFSg8AzlQHWPTWbjcz/smas/TM3YSKKNRVk8pEfc6RDNNobdZikRPOBAUwkM7Mi0sMSE22ukzFHcGZXnofaScEpFooVJ1c6honSsAcHcAQOnEIJrqAMVSDQhXt4hCeLWw/Ws/UyKU1Z055d+CPr9QdLr5GM</latexit>

G

 <latexit sha1_base64="fcyb0cp3rVyOGX/5n5hqRGKomhw=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJkCrspoh2BmwsEzQXSJYwO5lNhszOLjOzQlhSWtpYKGJrbZ3nsPMZfAknl0ITfxj4+P9zmHOOF3GmtG1/Wam19Y3NrfR2Zmd3b/8ge3jUUGEsCa2TkIey5WFFORO0rpnmtBVJigOP06Y3vJ7mzXsqFQvFnR5F1A1wXzCfEayNdZsn+W42ZxftmdAqOAvIXX1Mat8Pp5NqN/vZ6YUkDqjQhGOl2o4daTfBUjPC6TjTiRWNMBniPm0bFDigyk1mo47RuXF6yA+leUKjmfu7I8GBUqPAM5UB1gO1nE3N/7J2rP1LN2EiijUVZP6RH3OkQzTdG/WYpETzkQFMJDOzIjLAEhNtrpMxR3CWV16FRqnolIvlmpOrFGCuNJzAGRTAgQuowA1UoQ4E+vAIz/BicevJerXe5qUpa9FzDH9kvf8AK7GRbQ==</latexit>c<latexit sha1_base64="fcyb0cp3rVyOGX/5n5hqRGKomhw=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJkCrspoh2BmwsEzQXSJYwO5lNhszOLjOzQlhSWtpYKGJrbZ3nsPMZfAknl0ITfxj4+P9zmHOOF3GmtG1/Wam19Y3NrfR2Zmd3b/8ge3jUUGEsCa2TkIey5WFFORO0rpnmtBVJigOP06Y3vJ7mzXsqFQvFnR5F1A1wXzCfEayNdZsn+W42ZxftmdAqOAvIXX1Mat8Pp5NqN/vZ6YUkDqjQhGOl2o4daTfBUjPC6TjTiRWNMBniPm0bFDigyk1mo47RuXF6yA+leUKjmfu7I8GBUqPAM5UB1gO1nE3N/7J2rP1LN2EiijUVZP6RH3OkQzTdG/WYpETzkQFMJDOzIjLAEhNtrpMxR3CWV16FRqnolIvlmpOrFGCuNJzAGRTAgQuowA1UoQ4E+vAIz/BicevJerXe5qUpa9FzDH9kvf8AK7GRbQ==</latexit>c  <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a

 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a

 <latexit sha1_base64="kwjUTGuwYiZexkg8bh1JY8kZpvA=">AAAB93icbVDLSsNAFL3xWeur6lKQYCt0VRIX1Z0FNy5bsA9oQ5lMJu3QySTMTIQQuvQn3LhQxJXgrt/hzm/wH9TpQ9DWc7lwOOde5s5xI0alsqx3Y2l5ZXVtPbOR3dza3tnN7e03ZBgLTOo4ZKFouUgSRjmpK6oYaUWCoMBlpOkOLsd+84YISUN+rZKIOAHqcepTjJSW+lAADwqfXz/VzeWtkjWBuUjsGclfvIxqH7dHo2o399bxQhwHhCvMkJRt24qUkyKhKGZkmO3EkkQID1CPtDXlKCDSSSd3D80TrXimHwrdXJkT9fdGigIpk8DVkwFSfTnvjcX/vHas/HMnpTyKFeF4+pAfM1OF5jgE06OCYMUSTRAWVN9q4j4SCCsdVVaHYM9/eZE0Tkt2uVSu2flKEabIwCEcQxFsOIMKXEEV6oBBwR08wKORGPfGk/E8HV0yZjsH8AfG6zdgm5vp</latexit>

d
<latexit sha1_base64="kwjUTGuwYiZexkg8bh1JY8kZpvA=">AAAB93icbVDLSsNAFL3xWeur6lKQYCt0VRIX1Z0FNy5bsA9oQ5lMJu3QySTMTIQQuvQn3LhQxJXgrt/hzm/wH9TpQ9DWc7lwOOde5s5xI0alsqx3Y2l5ZXVtPbOR3dza3tnN7e03ZBgLTOo4ZKFouUgSRjmpK6oYaUWCoMBlpOkOLsd+84YISUN+rZKIOAHqcepTjJSW+lAADwqfXz/VzeWtkjWBuUjsGclfvIxqH7dHo2o399bxQhwHhCvMkJRt24qUkyKhKGZkmO3EkkQID1CPtDXlKCDSSSd3D80TrXimHwrdXJkT9fdGigIpk8DVkwFSfTnvjcX/vHas/HMnpTyKFeF4+pAfM1OF5jgE06OCYMUSTRAWVN9q4j4SCCsdVVaHYM9/eZE0Tkt2uVSu2flKEabIwCEcQxFsOIMKXEEV6oBBwR08wKORGPfGk/E8HV0yZjsH8AfG6zdgm5vp</latexit>

d

 <latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b
<latexit sha1_base64="ZAXW8EMMKqmAGSQt9McRptfoDwk=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADD3KfXz/VzmTtgj0BWiTOjGQvXkaVj9ujUbmdeWt1AhL5VGjCsVJNxw61m2CpGeF0mG5FioaYDHCPNg0V2KfKTSZ3D9GJUTqoG0jTQqOJ+nsjwb5Sse+ZSR/rvpr3xuJ/XjPS3XM3YSKMNBVk+lA34kgHaBwC6jBJieaxIZhIZm5FpI8lJtpElTYhOPNfXiS104JTLBQrTraUhylScAjHkAcHzqAEV1CGKhDQcAcP8GjF1r31ZD1PR5es2c4B/IH1+g1de5vn</latexit>

b

 <latexit sha1_base64="fcyb0cp3rVyOGX/5n5hqRGKomhw=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJkCrspoh2BmwsEzQXSJYwO5lNhszOLjOzQlhSWtpYKGJrbZ3nsPMZfAknl0ITfxj4+P9zmHOOF3GmtG1/Wam19Y3NrfR2Zmd3b/8ge3jUUGEsCa2TkIey5WFFORO0rpnmtBVJigOP06Y3vJ7mzXsqFQvFnR5F1A1wXzCfEayNdZsn+W42ZxftmdAqOAvIXX1Mat8Pp5NqN/vZ6YUkDqjQhGOl2o4daTfBUjPC6TjTiRWNMBniPm0bFDigyk1mo47RuXF6yA+leUKjmfu7I8GBUqPAM5UB1gO1nE3N/7J2rP1LN2EiijUVZP6RH3OkQzTdG/WYpETzkQFMJDOzIjLAEhNtrpMxR3CWV16FRqnolIvlmpOrFGCuNJzAGRTAgQuowA1UoQ4E+vAIz/BicevJerXe5qUpa9FzDH9kvf8AK7GRbQ==</latexit>c<latexit sha1_base64="fcyb0cp3rVyOGX/5n5hqRGKomhw=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJkCrspoh2BmwsEzQXSJYwO5lNhszOLjOzQlhSWtpYKGJrbZ3nsPMZfAknl0ITfxj4+P9zmHOOF3GmtG1/Wam19Y3NrfR2Zmd3b/8ge3jUUGEsCa2TkIey5WFFORO0rpnmtBVJigOP06Y3vJ7mzXsqFQvFnR5F1A1wXzCfEayNdZsn+W42ZxftmdAqOAvIXX1Mat8Pp5NqN/vZ6YUkDqjQhGOl2o4daTfBUjPC6TjTiRWNMBniPm0bFDigyk1mo47RuXF6yA+leUKjmfu7I8GBUqPAM5UB1gO1nE3N/7J2rP1LN2EiijUVZP6RH3OkQzTdG/WYpETzkQFMJDOzIjLAEhNtrpMxR3CWV16FRqnolIvlmpOrFGCuNJzAGRTAgQuowA1UoQ4E+vAIz/BicevJerXe5qUpa9FzDH9kvf8AK7GRbQ==</latexit>c

 <latexit sha1_base64="r1LdnmC/1E7XfWQjQvqqItw7xos=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADCrnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZiK5vq</latexit>e<latexit sha1_base64="r1LdnmC/1E7XfWQjQvqqItw7xos=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADCrnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZiK5vq</latexit>e

 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a

 <latexit sha1_base64="kwjUTGuwYiZexkg8bh1JY8kZpvA=">AAAB93icbVDLSsNAFL3xWeur6lKQYCt0VRIX1Z0FNy5bsA9oQ5lMJu3QySTMTIQQuvQn3LhQxJXgrt/hzm/wH9TpQ9DWc7lwOOde5s5xI0alsqx3Y2l5ZXVtPbOR3dza3tnN7e03ZBgLTOo4ZKFouUgSRjmpK6oYaUWCoMBlpOkOLsd+84YISUN+rZKIOAHqcepTjJSW+lAADwqfXz/VzeWtkjWBuUjsGclfvIxqH7dHo2o399bxQhwHhCvMkJRt24qUkyKhKGZkmO3EkkQID1CPtDXlKCDSSSd3D80TrXimHwrdXJkT9fdGigIpk8DVkwFSfTnvjcX/vHas/HMnpTyKFeF4+pAfM1OF5jgE06OCYMUSTRAWVN9q4j4SCCsdVVaHYM9/eZE0Tkt2uVSu2flKEabIwCEcQxFsOIMKXEEV6oBBwR08wKORGPfGk/E8HV0yZjsH8AfG6zdgm5vp</latexit>

d
<latexit sha1_base64="kwjUTGuwYiZexkg8bh1JY8kZpvA=">AAAB93icbVDLSsNAFL3xWeur6lKQYCt0VRIX1Z0FNy5bsA9oQ5lMJu3QySTMTIQQuvQn3LhQxJXgrt/hzm/wH9TpQ9DWc7lwOOde5s5xI0alsqx3Y2l5ZXVtPbOR3dza3tnN7e03ZBgLTOo4ZKFouUgSRjmpK6oYaUWCoMBlpOkOLsd+84YISUN+rZKIOAHqcepTjJSW+lAADwqfXz/VzeWtkjWBuUjsGclfvIxqH7dHo2o399bxQhwHhCvMkJRt24qUkyKhKGZkmO3EkkQID1CPtDXlKCDSSSd3D80TrXimHwrdXJkT9fdGigIpk8DVkwFSfTnvjcX/vHas/HMnpTyKFeF4+pAfM1OF5jgE06OCYMUSTRAWVN9q4j4SCCsdVVaHYM9/eZE0Tkt2uVSu2flKEabIwCEcQxFsOIMKXEEV6oBBwR08wKORGPfGk/E8HV0yZjsH8AfG6zdgm5vp</latexit>

d

 <latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a<latexit sha1_base64="ApjORcLQ17NQeIgxHHp7h49naIA=">AAAB93icbVDLSgMxFL3js9ZX1aUgwVboqsy4qO4suHHZgn1AO5RMmrahmcyQZIRh6NKfcONCEVeCu36HO7/Bf1DTh6Ct53LhcM695OZ4IWdK2/a7tbS8srq2ntpIb25t7+xm9vZrKogkoVUS8EA2PKwoZ4JWNdOcNkJJse9xWvcGl2O/fkOlYoG41nFIXR/3BOsygrWR+pADDLnPr59qZ7J2wZ4ALRJnRrIXL6PKx+3RqNzOvLU6AYl8KjThWKmmY4faTbDUjHA6TLciRUNMBrhHm4YK7FPlJpO7h+jEKB3UDaRpodFE/b2RYF+p2PfMpI91X817Y/E/rxnp7rmbMBFGmgoyfagbcaQDNA4BdZikRPPYEEwkM7ci0scSE22iSpsQnPkvL5LaacEpFooVJ1vKwxQpOIRjyIMDZ1CCKyhDFQhouIMHeLRi6956sp6no0vWbOcA/sB6/QZb65vm</latexit>a
 <latexit sha1_base64="fcyb0cp3rVyOGX/5n5hqRGKomhw=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJkCrspoh2BmwsEzQXSJYwO5lNhszOLjOzQlhSWtpYKGJrbZ3nsPMZfAknl0ITfxj4+P9zmHOOF3GmtG1/Wam19Y3NrfR2Zmd3b/8ge3jUUGEsCa2TkIey5WFFORO0rpnmtBVJigOP06Y3vJ7mzXsqFQvFnR5F1A1wXzCfEayNdZsn+W42ZxftmdAqOAvIXX1Mat8Pp5NqN/vZ6YUkDqjQhGOl2o4daTfBUjPC6TjTiRWNMBniPm0bFDigyk1mo47RuXF6yA+leUKjmfu7I8GBUqPAM5UB1gO1nE3N/7J2rP1LN2EiijUVZP6RH3OkQzTdG/WYpETzkQFMJDOzIjLAEhNtrpMxR3CWV16FRqnolIvlmpOrFGCuNJzAGRTAgQuowA1UoQ4E+vAIz/BicevJerXe5qUpa9FzDH9kvf8AK7GRbQ==</latexit>c<latexit sha1_base64="fcyb0cp3rVyOGX/5n5hqRGKomhw=">AAAB6nicbZC7SgNBFIbPxluMt6ilIIOJkCrspoh2BmwsEzQXSJYwO5lNhszOLjOzQlhSWtpYKGJrbZ3nsPMZfAknl0ITfxj4+P9zmHOOF3GmtG1/Wam19Y3NrfR2Zmd3b/8ge3jUUGEsCa2TkIey5WFFORO0rpnmtBVJigOP06Y3vJ7mzXsqFQvFnR5F1A1wXzCfEayNdZsn+W42ZxftmdAqOAvIXX1Mat8Pp5NqN/vZ6YUkDqjQhGOl2o4daTfBUjPC6TjTiRWNMBniPm0bFDigyk1mo47RuXF6yA+leUKjmfu7I8GBUqPAM5UB1gO1nE3N/7J2rP1LN2EiijUVZP6RH3OkQzTdG/WYpETzkQFMJDOzIjLAEhNtrpMxR3CWV16FRqnolIvlmpOrFGCuNJzAGRTAgQuowA1UoQ4E+vAIz/BicevJerXe5qUpa9FzDH9kvf8AK7GRbQ==</latexit>c
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Figure 7: The framework ofM

directed paths, denoted by S𝐺 , such that each vertex is included
in at least one path in S𝐺 . To reduce the cost of the partition, a
degree-based strategy is employed, as shown in Figure 8. More
specifically, (a) it first picks vertex 𝑣0 with the maximum degree in
𝐺 (line 1). (b) Then it randomly selects a set S𝐺 of paths, each up
to length 𝑙 , that contain 𝑣0 (line 2); here 𝑙 is a predefined parameter
to strike a balance between complexity and accuracy [104]. (c) It
next iteratively enriches S𝐺 with additional paths to encompass
vertices that are not yet contained in any path in S𝐺 . This is carried
out by procedure Expand (lines 3-4, not shown), which begins at an
uncovered vertex 𝑣 ′, and randomly chooses 𝑁𝑝 paths following the
direction of edges connected to 𝑣 ′, to collect sufficient information
of 𝑣 ′ for the prediction. Here 𝑁𝑝 is another predefined parameter
to strike a balance between complexity and accuracy [49]. (d) It
returns S𝐺 once all vertices have been covered (line 5).

(3) Path embeddings. Given a graph 𝐺 and the set S𝐺 of parti-
tioned paths of 𝐺 , the embeddings of paths in S𝐺 are computed
as follows: for each path 𝑝 in S𝐺 , its embedding is obtained by
concatenating embeddings of the vertices along the path. The ver-
tex embeddings in 𝐺 have been computed using IDGNN in step
(1), and can be reused for different paths. To retain the existing
mappings between vertices encoded by the partial match 𝜌 , distinct
weights are assigned to vertices that are either part of 𝜌 or not.
More specifically, given a path 𝑝 , its embedding is computed as:

𝑒𝑝 =
∑︁
𝑣∈𝜌∩𝑝

𝑐1𝑒𝑣 +
∑︁

𝑣∈∩𝑝\𝜌
𝑐2𝑒𝑣,

where (a) 𝑐1 and 𝑐2 are the weights for matched and unmatched
vertices, respectively; (b) 𝑒𝑣 is the embedding of 𝑣 ; (c) 𝜌 ∩𝑝 consists
of vertices appearing in both partial match 𝜌 and path 𝑝 , and (d)
𝑝 \ 𝜌 denotes the set of vertices that appear in 𝑝 but not in 𝜌 .

Let S𝑒
𝑄

(resp. S𝑒
𝐺
) be set of embeddings of paths in S𝑄 (resp.

S𝐺 ), which are extracted from pattern 𝑄 (resp. graph𝐺) in step (2).

(4) Prediction. Given S𝑒
𝐺
and S𝑒

𝑄
, the task is to predict whether

the given partial match 𝜌 is valid. It directly compares the embed-
dings of paths in S𝐺 and S𝑄 , since these paths encapsulate the
topological information of 𝐺 and 𝑄 , respectively. We utilize the
order embedding space [105] to compare the embeddings of paths
in S𝐺 and S𝑄 . Given paths 𝑝𝑞 ∈ S𝑄 and 𝑝𝑔 ∈ S𝐺 , let their em-
beddings be 𝑒𝑞 = (𝑎1, . . . , 𝑎𝑑 ) and 𝑒𝑔 = (𝑏1, . . . , 𝑏𝑑 ), respectively,
where 𝑑 is the dimension of the embeddings. The order-embedding
space guarantees that if 𝑝𝑞 is a subpath of 𝑝𝑔 , then 𝑎𝑖 ≤ 𝑏𝑖 for all
𝑖 ∈ [1, 𝑑]. Moreover, when 𝑄 is connected, the picked paths in 𝐺
must be connected too. Hence, if every path in S𝑄 is a subpath of
some path in S𝐺 , and all picked paths in 𝐺 are connected as in 𝑄 ,
M returns true, indicating that 𝜌 can be extended to a full match.

To return the confidence for 𝜌 to be valid (see Section 3.3), we use
a multilayer perceptron (MLP) to output a number in [0, 1]. Since

Input: Graph𝐺 .
Output: A set S𝐺 of paths containing all vertices in𝐺 .
1. pick a vertex 𝑣0 with the maximum degree in𝐺 ;
2. randomly pick a set S𝐺 of paths containing 𝑣0;
3. while a vertex 𝑣 in𝐺 is not covered by S𝐺 do
4. S𝐺 := S𝐺 ∪ Expand(𝐺, S𝐺 , 𝑣) ;
5. return S𝐺 ;

Figure 8: Path partition

MLP takes vectors as input, we encode the sets S𝑒
𝐺
and S𝑒

𝑄
into vec-

tors. Note that a partial match 𝜌 is valid only when each path 𝑝𝑞 in
S𝑄 is a subpath of some path 𝑝𝑔 in S𝐺 , i.e., 𝑎𝑖 ≤ 𝑏𝑖 for all 𝑖 ∈ [1, 𝑑].
Thus, (a) for each path 𝑝𝑞 in S𝑄 , we select a path 𝑝𝑔 ∈ S𝐺 such that
𝑝𝑞 is a subpath of 𝑝𝑔 . (b) Instead of insisting on that𝑎𝑖 ≤ 𝑏𝑖 for all 𝑖 ∈
[1, 𝑑], we use a margin threshold for the difference between 𝑒𝑞 and
𝑒𝑔 , allowing 𝑎𝑖 > 𝑏𝑖 for some 𝑖 ∈ [1, 𝑑], to improve the recall and ro-
bustness of VF3𝑀 [31, 96, 106]. Moreover, (c) we employ the Cheby-
shev distance to quantify the distance from 𝑒𝑞 to 𝑒𝑔 . The Chebyshev
distance, denoted by 𝑑𝑐 (𝑒𝑞, 𝑒𝑔), is defined as max𝑖∈[1,𝑑 ] (𝑏𝑖 − 𝑎𝑖 ),
i.e., the maximum difference between their coordinates [20].

Putting these together, we compute the embeddings of S𝑒
𝐺
and

S𝑒
𝑄

in two steps. (a) Construct a set S𝑒path containing one pair
⟨𝑒𝑞, 𝑒𝑔⟩ for each embedding 𝑒𝑞 in S𝑒

𝑄
, where 𝑒𝑔 is the embedding of

a path in S𝑒
𝐺

that has the minimum Chebyshev distance to 𝑒𝑞 ,
i.e., 𝑒𝑔 = argmin𝑒1∈S𝑒

𝐺
𝑑𝑐 (𝑒1, 𝑒𝑞); and (b) concatenate all pairs

of embeddings in S𝑒path to generate the embeddings of S𝑒
𝑄

and
S𝑒
𝐺
, denoted as 𝑒𝑄 = | |⟨𝑒𝑞 ,𝑒𝑔 ⟩∈Spath

𝑒𝑞 and 𝑒𝐺 = | |⟨𝑒𝑞 ,𝑒𝑔 ⟩∈Spath
𝑒𝑔 ,

where | | is for concatenation. To illustrate, consider S𝑒
𝑄
= {(1, 2, 3),

(4, 3, 1)} and S𝑒
𝑄

= {(3, 1.8, 6), (1, 2, 4), (4, 2.8, 1), (3.9, 3, 1)}. Then
S𝑒path = {⟨(1, 2, 3), (1, 2, 4)⟩, ⟨(4, 3, 1), (3.9, 3, 1)⟩}, since 𝑑𝑐 ((1, 2, 4),
(1, 2, 3)) = 0 and 𝑑𝑐 ((3.9, 3, 1), (4, 3, 1)) = 0.1 are the minimum
Chebyshev distances from the embeddings (1, 2, 3) and (4, 3, 1) in
S𝑒
𝑄
to embeddings in S𝑒

𝐺
, respectively. Thus, the embedding of S𝑒

𝑄

(resp. S𝑒
𝐺
) is 𝑒𝑄 = (1, 2, 3, 4, 3, 1) (resp. 𝑒𝐺 = (1, 2, 4, 3.9, 3, 1)).

To calculate the Chebyshev distances, we construct 𝑑 sorted sets,
one for each dimension of the embeddings. For each dimension 𝑖 , the
embeddings in sets S𝑒

𝐺
and S𝑒

𝑄
are sorted by their values at index 𝑖 .

Given an embedding in S𝑒
𝑄
, we find the embedding in S𝑒

𝐺
with the

minimum Chebyshev distance by inspecting these 𝑑 sorted sets.

Complexity. We analyze the pre-computation and prediction times.

(1) The pre-computation, executed only once, takes𝑂 (𝑚( |𝑄 | + |𝐺 |)
(𝑓𝑒 ( |𝐺 |)+𝑓𝑒 ( |𝑄 |))+𝑙 ( |𝐺 |𝑑𝐺max+|𝑄 |𝑑𝑄max)) time, to (a) compute vertex
embeddings for both 𝐺 and 𝑄 , and (b) conduct path partitioning.
Here 𝑓𝑒 denotes the cost of updating embeddings via AGG and
MSG, which is polynomial afterM is trained, and 𝑙 is the length
bound for partitioned paths. Note that (i) the embedding process
takes𝑚 rounds; (ii) for each round, given a vertex 𝑣 ,M takes ( |𝑄 | +
|𝐺 |) (𝑓𝑒 ( |𝐺 |) + 𝑓𝑒 ( |𝑄 |)) time to update 𝑣 ’s embedding as in Equation
(2); and (iii) path partitioning takes at most𝑂 (𝑙 ( |𝐺 |𝑑𝐺max+ |𝑄 |𝑑𝑄max))
time, where 𝑑𝐺max (resp. 𝑑

𝑄
max) is the maximum degree of𝐺 (resp.𝑄).

(2) Given a graph𝐺 , a pattern𝑄 and a partial match 𝜌 , the prediction
takes 𝑂 (𝑑 (𝑃𝜌|𝑄 | + 𝑃

𝜌

|𝐺 | ) + 𝑓𝑚) time, where (a) 𝑃𝜌|𝑄 | and 𝑃
𝜌

|𝐺 | are the
numbers of paths in S𝑄 and S𝐺 that include vertices of 𝜌 within𝑄
and 𝐺 , respectively; (b) 𝑑 is the dimension of embeddings; and 𝑓𝑚
is the time required for prediction via MLP, which is polynomial
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after M is trained. Observe that (i) only paths containing vertices
in 𝜌 are utilized for prediction, which improves the recall of M,
and the numbers 𝑃𝜌|𝑄 | and 𝑃

𝜌

|𝐺 | of paths are small when 𝑙 is small.
(ii) Computing embeddings of paths takes 𝑂 (𝑑 (𝑃𝜌|𝑄 | + 𝑃

𝜌

|𝐺 | )) time,
due to the use of sorted sets and the locality of pattern matching
(see Section 6). (iii) MLP outputs a confidence score in 𝑂 (𝑓𝑚) time.

5.2 Training
We next outline the training process for modelM. Let 𝐷𝑇 denote
the training dataset, comprising tuples of the form (𝐺,𝑄, 𝜌), where
(a) 𝐺 is a graph and 𝑄 is a pattern, and (b) 𝜌 is a partial match of
𝑄 in 𝐺 . Denote by 𝐷+

𝑇
(resp. 𝐷−

𝑇
) the set of positive (resp negative)

tuples (𝐺,𝑄, 𝜌) in 𝐷𝑇 such that 𝜌 is valid (resp. invalid). We train
model M by minimizing the following margin loss function [96]:

𝐿(𝐷𝑇 ) :=
∑︁

(𝐺,𝑄,𝜌 ) ∈𝐷+
𝑇

∑︁
𝑝𝑞 ∈S𝑄

min
𝑝𝑔∈S𝐺

||max(0, 𝑑𝑐 (𝑒𝑔, 𝑒𝑞)) ||22

+
∑︁

(𝐺,𝑄,𝜌 ) ∈𝐷−
𝑇

∑︁
𝑝𝑞 ∈S𝑄

min
𝑝𝑔∈S𝐺

max(0, 𝛼 − ||max(0, 𝑑𝑐 (𝑒𝑔, 𝑒𝑞)) ||22)

Here ||·||2 denotes the 𝐿2-norm, and 𝛼 is a margin hyperparameter,
to control the separation between positive and negative instances,
thereby enhancing the generalization of the model [73, 93]. The
model M is trained for 𝑁 epochs, to improve its accuracy [58].

Remark. (1) For modelM to be monotonically decreasing, we adopt
the following two strategies. (1) We increase the confidence sore by
𝑒−|𝜌 |/2, where |𝜌 | is the number of pattern vertices in the partial
match 𝜌 . Intuitively, the larger |𝜌 | is, the smaller 𝑒−|𝜌 |/2 is, which
would lead to smaller confidence. (2) We enrich the training set
𝐷𝑇 with additional negative tuples derived from existing negative
data in 𝐷−

𝑇
. More specifically, for each negative tuple (𝐺,𝑄, 𝜌) in

𝐷−
𝑇
, where 𝜌 is not valid, we add 𝐾 new negative tuples (𝐺,𝑄, 𝜌1),

. . ., (𝐺,𝑄, 𝜌𝐾 ) into 𝐷−
𝑇
, where each partial match 𝜌𝑖 (𝑖 ∈ [1, 𝐾])

is extended from 𝜌 [74]. All partial matches 𝜌1, . . . , 𝜌𝐾 are invalid,
i.e., they cannot be extended to a full match, as 𝜌 is invalid. Here
𝐾 = 𝐶𝑠 ( |𝑄 | − |𝜌 |) for some predefined parameter 𝐶𝑠 . Intuitively,
we pick𝐶𝑠 vertices from candidate set C(𝑢) for each pattern vertex
𝑢 that does not have a match in 𝜌 , to extend the invalid match 𝜌 .

(2) TrainingM is efficient, since it only learns the embedding model
IDGNN and the prediction model. As will be seen in Section 6,M
is fairly accurate with only 5000 epochs in 1.6h.

6 Experimental Study
Using real-life and synthetic datasets, we experimentally evalu-
ated VF3𝑀 algorithms for their (1) accuracy and (2) efficiency and
scalability. We also evaluated (3) the performance of modelM.

Experimental setting. We start with the experimental setting.
Datasets. We used four real-life graphs: (1) DBLP [1], a citation
network with 0.3M vertices and 1M edges; and (2) Pokec [4], an
on-line social network in Slovakia with 1.6M vertices and 30M
edges; (3) Patents [65], a U.S. patent citation graph (1975–1999)
with 3.7M nodes and 15M edges; and (4) LiveJournal [3], a free
on-line community graph with over 3M vertices and 60M edges.

To evaluate the scalability of algorithms, we generated synthetic
graphs 𝐺 = (𝑉 , 𝐸, 𝐿) using datagen [54], controlled by the number
|𝑉 | of vertices (up to 4M) and the number |𝐸 | of edges (up to 70M).

Method DBLP Patents Pokec LiveJournal

F1 Time (s) F1 Time (s) F1 Time (s) F1 Time (s)

RM 1 7.72 (48.25×) 1 3.03 (2.50×) 1 33.28 (17.06×) 1 77.79 (27.59×)
CECI 1 3.88 (24.25×) 1 1.69 (1.39×) 1 14.62 (7.50×) 1 34.45 (12.21×)
DPiso 1 1.93 (12.06×) 1 1.36 (1.12×) 1 12.74 (6.53×) 1 21.60 (7.66×)
VF3 1 2.52 (15.75×) 1 4.14 (3.42×) 1 13.50 (6.92×) 1 21.21 (7.52×)
VF3𝑂 1 0.17 (1.06×) 1 2.01 (1.66×) 1 2.56 (1.31×) 1 3.98 (1.41×)
GNNPE 1 0.22 (1.38×) 1 2.59 (2.14×) 1 2.24 (1.15×) 1 DNP
MLSearch 0.86 1066.55 (6665×) * Timeout * Timeout * Timeout
VF3𝐷

𝑀
0.99 0.16 0.98 1.21 0.98 1.95 0.97 2.82

VF3𝑁
𝑀

0.54 0.12 (↑ 25%) 0.23 1.13 (↑ 6.6%) 0.62 1.90 (↑ 2.5%) 0.38 2.20 (↑ 21.9%)
VF3𝑂

𝑀
0.99 0.13 (↑ 18.8%) 0.94 1.18 (↑ 2.4%) 0.93 1.95 (↑ 0%) 0.94 2.43 (↑ 13.8%)

Table 1: Accuracy and runtime; ‘*’ indicates unavailable due
to timeout (>6h), and DNP (Did Not Preprocess) denotes fail-
ure due to excessive preprocessing time (>6h)

Patterns. For each graph, we generated 100 graph patterns follow-
ing [16, 112]. For each graph𝐺 , we first conducted random walks
in 𝐺 to identify vertices, and then extracted the subgraphs induced
by these vertices. We treated these subgraphs as patterns.

Algorithms. We implemented in C++ (1) VF3𝑁
𝑀
, VF3𝑂

𝑀
and VF3𝐷

𝑀

(Section 3.3); and (2) a variant VF3𝑂 of VF3 with optimizations in
Section 3.1 but without usingM. We compared with six algorithms
as baselines: (3) VF3 [5], the classic VF3 algorithm; (4) CECI [21],
(5) RM [90], (6) DPiso [50]; these three work just like VF3, but use
different matching orders, filtering strategies and index structures;
(7) GNNPE [104], which applies pruning strategies guided by GNNs;
and (8) MLSearch [102], which enhances VF3 by leveraging the
embeddings of 𝑄 and 𝐺 to predict whether a valid match exists.

We compared our modelM (Section 5) with the following: (9)
D2Match [69], which employs deep GNNs and degeneracy for
subgraph matching; (10) MS [102], which is the prediction model
in algorithm MLSearch, and adopts graph attention network for
subgraph matching; and (11) DMPNN [68], which develops dual
message passing neural network for subgraph counting and match-
ing. None of these models supports partial matches 𝜌 . For example,
given a pattern 𝑄 and a graph 𝐺 , D2Match directly assesses the
existence of a full match of 𝑄 in 𝐺 . For a fair comparison, we
extend these models as follows: given 𝜌 , first generate pattern
𝑄𝑟 and graph 𝐺𝑟 from 𝑄 and 𝐺 by removing all vertices in 𝜌 ,
respectively, and then apply these models on 𝑄𝑟 and 𝐺𝑟 .

Environment. We ran experiments on a machine powered with 2
Intel Xeon Gold 6148 CPU @ 2.40GHz with 504 GB memory and
8 Tesla V100 GPU with 32 GB memory. For a fair comparison, we
executed both algorithms for SubIso and model prediction on CPU,
and only trained ML models on GPU. By default, we fixed |𝑄 | =
|𝑉𝑄 | + |𝐸𝑄 | = 20, 𝛿T = 0.7 and 𝛿F = 0.5 (confidence thresholds for
M in VF3𝑀 algorithms of Section 3.3). We ran each test 5 times,
and report the average here. For the lack of space we report results
on some datasets; the results on the others are consistent.

Experimental findings. We next report our findings.

Exp-1: Accuracy. We first report the F1 measure, consistency
and robustness of VF3𝑁

𝑀
, VF3𝑂

𝑀
and VF3𝐷

𝑀
. Since CECI, RM, DPiso,

GNNPE and VF3 return all full matches, their F1 scores are 1.
F1 score. As shown in Table 1, on average, (1) the F1 score of VF3𝑁

𝑀
,

VF3𝑂
𝑀

and VF3𝐷
𝑀

is 0.44, 0.95 and 0.98, up to 0.62, 0.99 and 0.99,
respectively. (2) VF3𝐷

𝑀
is 3% (resp. 54%) more accurate than VF3𝑂

𝑀
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Figure 9: Performance evaluation (acc for accuracy and eff for efficiency)

(resp. VF3𝑁
𝑀
), since it employs DeepCheck to reduce FNs.

Consistency. We tested 𝐹1(VF3𝑀 ) when the embedded ML model
M is error free, i.e., when 𝜂 = 0 (Section 4). To this end, we stored
in 𝑄 (𝐺) all full matches found by VF3, and determined whether a
partial match 𝜌 is valid by checkingwhether there exists a full match
in𝑄 (𝐺) extended from 𝜌 , i.e., by treating𝑄 (𝐺) as an ideal modelM.
We find that (a) all returned matches are valid, i.e., the precision of
these algorithms is 1, and (b) all matches in𝑄 (𝐺) are returned by the
three, i.e., the recall of these algorithms is also 1. Thus VF3𝑁

𝑀
, VF3𝑂

𝑀

and VF3𝐷
𝑀

are consistent. These empirically confirm Theorem 3.

Robustness. We next tested the robustness. We used five models M
with 0.5, 0.6, 0.7, 0.8 and 0.9 as error rate 𝜂. As shown in Figure 9(a):
(1) with smaller 𝜂 (i.e., more accurate M), all VF3𝑀 variants get
more accurate and faster due to reduced redundancy (Theorem 6).
(2) At 𝜂 = 0.5, F1 scores of VF3𝐷

𝑀
, VF3𝑂

𝑀
and VF3𝑁

𝑀
are 0.99, 0.99

and 0.71, respectively; when 𝜂 = 0.6, i.e., when M performs worse
than a coin toss, VF3𝐷

𝑀
and VF3𝑂

𝑀
still have F1 scores above 0.9.

These are consistent with Theorems 4 and 5. (3) VF3𝐷
𝑀

is the most

robust; even at 𝜂 = 0.7, its F1 score is 0.45, outperforming VF3𝑂
𝑀

(0.43) and VF3𝑁
𝑀

(0.21), as DeepCheck improves recall.

The impact of parameters. We also evaluated the impact of |𝑄 |, 𝛿𝑇
and 𝛿𝐹 on the F1 score of VF3𝑁

𝑀
, VF3𝑂

𝑀
and VF3𝐷

𝑀
.

(1) Varying |𝑄 |. We varied the pattern size |𝑄 | from 6 to 22. As
shown in Figure 9(b), (1) as |𝑄 | increases, the F1 scores of VF3𝑁

𝑀
,

VF3𝑂
𝑀

and VF3𝐷
𝑀

generally decrease, since larger patterns make
valid partial matches harder to identify and reduce ML prediction
confidence. (2) VF3𝐷

𝑀
outperforms VF3𝑂

𝑀
and VF3𝑁

𝑀
by 5% and 76%

in accuracy, respectively, as its use of DeepCheck reduces FNs.
(2) Varying 𝛿𝑇 . We evaluate the impact of confidence threshold
𝛿𝑇 . As shown in Figure 9(c), (1) when 𝛿𝑇 varies from 0.4 to 0.7,
the F1 score of VF3𝑁

𝑀
decreases, since not all valid partial matches

get high confidence whenM is not error-free, and when 𝛿𝑇 gets
larger, more valid matches may be missed. (2) VF3𝑂

𝑀
and VF3𝐷

𝑀
are

less sensitive to 𝛿T since they invoke IsFeasible to reduce FPs, no
matter whether their ML models are 𝛿T-confident or not.
(3) Varying 𝛿𝐹 . We varied the confidence threshold 𝛿𝐹 for false, as
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shown in Figure 9(d): (1) as 𝛿𝐹 increases from 0.2 to 0.5, the F1 scores
of VF3𝑂

𝑀
and VF3𝐷

𝑀
decrease, sinceM returns false on more partial

matches. (2) VF3𝐷
𝑀

is more sensitive to 𝛿𝐹 than to 𝛿T, as larger 𝛿𝐹
may exclude more partial matches. (3) VF3𝑁

𝑀
remains unaffected

by 𝛿𝐹 since it does not rely on this parameter (Section 3.3).

Varying 𝑆 (𝑘𝜌 ). We varied the number of deep checking from 𝑆 (𝑘𝜌 )
to 3𝑆 (𝑘𝜌 ). As shown in Figure 9(e), (1) when 𝑆 (𝑘𝜌 ) gets larger,
𝐹1(VF3𝐷

𝑀
) increases, as expected. (2) 𝐹1(VF3𝐷

𝑀
) becomes stable

once the number reaches 2𝑆 (𝑘𝜌 ), since 𝜌 is invalid with high proba-
bility when no match is identified after 2𝑆 (𝑘𝜌 ) many deep checking.

Exp-2: Efficiency and scalability. We next show that the VF3𝑀
algorithms indeed speed up the enumeration process for SubIso.
The results are consistent with Theorem 6, Corollary 7 and Propo-
sition 8 for output-polynomial properties and competitive ratios.

Efficiency. As shown in Table 1, (1) VF3𝐷
𝑀

(in yellow) beats RM,
CECI, DPiso, GNNPE, VF3 and VF3𝑂 by 22.49×, 10.74×, 6.47×,
1.56×, 8.40× and 1.36×, respectively. MLSearch is 6, 665× slower
than VF3𝐷

𝑀
on DBLP and fails to terminate on other graphs after

6 hours. (2) VF3𝐷
𝑀

is only 14% and 8.8% slower than VF3𝑂
𝑀

and
VF3𝑁

𝑀
(marked as ↑), respectively, but is more accurate due to its

deep checking. VF3 beats RM and CECI since (a) RM is join-based
algorithm, which produces large intermediate results on dense
graphs, and (b) CECI has a threshold for early termination, whichwe
removed to return all matches, degrading the performance of CECI.

Varying |𝑄 |. We varied |𝑄 | from 6 to 22. As shown in Figure 9(f), (1)
VF3𝐷

𝑀
is faster than all the baselines; e.g.,when |𝑄 | = 14, it is 21.15×,

20.86×, 4.49×, 9.21× and 1.69× faster than RM, CECI, DPiso,VF3 and
VF3𝑂 , respectively; hence, ML models in VF3𝑀 effectively reduce
false positives and runtime. When |𝑄 | = 22, VF3𝐷

𝑀
(resp. VF3𝑂

𝑀
)

are 1.34× (resp. 1.40×) faster than VF3𝑂 , the fastest baseline. (2)
VF3𝐷

𝑀
is almost as efficient as VF3𝑂

𝑀
, despite additional DeepCheck

calls. Algorithm DPiso’s runtime rises quickly when increasing |𝑄 |,
due to the overhead of building its failing sets to reduce the search
space. GNNPE fails on LiveJournal with more than 60M edges.

Varying |𝐺 |. Fixing |𝑄 | = 22, 𝛿𝑇 = 0.7 and 𝛿F = 0.5, we varied the
scale of synthetic graphs𝐺 = (𝑉 , 𝐸) from 0.2 to 1.0. As shown in Fig-
ure 9(g): (1) as |𝐺 | increases, all threeVF3𝑀 algorithms get slower, as
expected. (2) VF3𝑁

𝑀
, VF3𝑂

𝑀
and VF3𝐷

𝑀
scale well; on graphs with 4M

vertices and 70M edges, they take 4.89s, 5.58s and 5.59s, respectively,
with F1 scores 0.36, 0.94, and 0.97. (3) TheVF3𝐷

𝑀
algorithms are up to

13.61×, 6.78×, 3.90×, 4.04× and 2.05× faster than RM, CECI, DPiso,
VF3 and VF3𝑂 respectively. Results for GNNPE are omitted due to
excessive preprocessing time (>6h). MLSearch takes more than 6h.

Varying 𝛿𝑇 . As shown in Figure 9(h), (1) on Patents, when 𝛿𝑇
increases from 0.4 to 0.7, the competitive ratio of VF3𝑁

𝑀
gets smaller.

This is because VF3𝑁
𝑀

only returns valid partial matches with high
confidence, and when 𝛿𝑇 increases, the number of such partial
matches decreases. (2) In contrast, VF3𝑂

𝑀
and VF3𝐷

𝑀
are insensitive

to 𝛿𝑇 , since they use IsFeasible as a backup regardless of 𝛿T.

Varying 𝛿𝐹 . As shown in Figure 9(i), (1) VF3𝑁𝑀 is indifferent to 𝛿𝐹 as
it does not use this parameter. (2) When 𝛿𝐹 increases from 0.2 to 0.5,
both VF3𝑂

𝑀
and VF3𝐷

𝑀
get faster, as they inspect fewer candidate

matches. (3) In this setting, VF3𝐷
𝑀

is on average 16% slower than
VF3𝑂

𝑀
, as with larger 𝛿F, VF3𝐷𝑀 invokes DeepCheck more often.

Varying 𝑆 (𝑘𝜌 ). We varied the number of deep checks from 𝑆 (𝑘𝜌 )
to 3𝑆 (𝑘𝜌 ). As shown in Figure 9(j), (1) as the number increases,
VF3𝐷

𝑀
gets slower, as expected. (2) VF3𝐷

𝑀
takes 0.2s longer when

the number varies from 𝑆 (𝑘𝜌 ) to 2𝑆 (𝑘𝜌 ), but its accuracy improves
(see Fig. 9(e)), which justifies the design of VF3𝐷

𝑀
(see Section 3.3).

Exp-3: ML model. We evaluated the impact of model M
(Section 5) on the accuracy of VF3𝑀 and the cost to trainM. Unless
stated otherwise, we fixed𝑚 = 2 and 𝑁 = 5000.

Impact on VF3𝑀 algorithms. We tested VF3𝑀 variants that take
D2Match, MS and DMPNN asMLmodelM, respectively. As shown
in Figure 9(k), on average VF3𝑁

𝑀
outperforms these variants by

0.61, 0.05 and 0.07 in F1-score, respectively. This verifies that model
M of Section 5 is more accurate than D2Match, MS and DMPNN.

Varying𝑚. We varied the number of IDGNN layers𝑚 from 1 to 4.
As shown in Figure 9(l) and 9(m) on Pokec, the accuracy of VF3𝑀
first improves and then remains stable; optimal performance is
observed at𝑚 = 2, since (a) small𝑚 provides insufficient context;
and (b) large𝑚 causes over-smoothing, making distant neighbors
indistinguishable [101]. VF3𝑀 also becomes the fastest when m=2.

Varying 𝑁 . We tested the impact of the number (𝑁 ) of training
epochs. As shown in Figures 9(n) and 9(o), VF3𝑀 achieves the
highest accuracy when 𝑁 = 5000. This is because (1) when 𝑁 is
too small,M is under-trained with near-random parameters; but
(2) when 𝑁 is too large, overfitting occurs, reducing generalization
on unseen patterns. VF3𝑀 becomes the fastest when 𝑁 = 5000 by
using a more accurate model to filter invalid candidates.

Training cost. We next report the training cost (not shown). (1)
TrainingM is efficient; when𝑚=2 and𝑁=5000, it converges in 1.6h;
and (2) training gets slower when𝑚 or 𝑁 increases, as expected.

Prediction cost. We compared the impact of different implementa-
tions of M on VF3𝑀 . We implemented ML prediction using (1)
AVX/AVX2 instructions, (2) standard C++ and (3) CUDA, after ex-
tracting model weights fromM. As shown in Figure 9(p), VF3𝑀 im-
plemented with AVX/AVX2 and standard C++ outperform the one
with CUDA. This is because the model is lightweight and runs effi-
ciently on CPU, while CUDA transfers data between CPU and GPU.

Summary. We find the following. (1) Speedup. Using ML oracles,
VF3𝐷

𝑀
(resp. VF3𝑁

𝑀
, VF3𝑂

𝑀
) is 22.49×, 10.74×, 6.47×, 1.56× and 8.40×

(resp. 29.97×, 14.29×, 8.45×, 1.73×, 10.35×; and 27.76×, 13.23×,
7.85×, 1.68×, 9.64×) faster than algorithms RM, CECI, DPiso,
GNNPE and VF3, respectively, up to 48.25×, 24.25×, 12.06×, 2.14×
and 15.75× (resp. 64.33×, 32.33×, 16.08×, 2.29×, 21.0×; and 59.38×,
29.84×, 14.84×, 2.19×, 19.38×). (2) Accuracy. The average F1 scores
of VF3𝑁

𝑀
, VF3𝑂

𝑀
and VF3𝐷

𝑀
are 0.44, 0.96 and 0.98, respectively, all

with precision 1. Even when the error rate of M reaches 0.5, the
F1 scores of VF3𝑂

𝑀
and VF3𝐷

𝑀
remain above 0.9. (3) The accuracy of

the ML model. Our ML model M outperforms D2Match, MLSearch
and DMPNN by 0.61, 0.05 and 0.07 in F1 score, respectively. (4)
Parameter setting. Optimal performance is observed at 𝛿T = 0.75
and 𝛿F = 0.35, striking a balance between the accuracy and
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efficiency. To train modelM, 𝑁=5000 and𝑚=2 work the best.

7 Related Work
We characterize the related work as follows.
Learning algorithms. There has been work on developing ML mod-
els for optimization problems. (1) Most models adopt deep reinforce-
ment learning to incrementally compute solutions, by optimizing
objective functions [61, 83], strengthening the ant colony optimiza-
tion [103], and adopting a learning collaborative policy [63], the
encoder-decoder structure [71], heuristic rules [109] or a force-
directed method [75]. (2) Non-reinforcement models have also
been studied to transform optimization problems to sampling prob-
lems [89, 91, 110], e.g., [89] samples high quality solutions using
Markov chain Monte Carlo; [91] develops graph-based denoising
diffusion models to generate candidate solutions; and [110] models
optimization problems as Markov decision processes, and computes
the solutions by sampling with generative flow networks.

Closer to this work are [68, 69, 113]. Specifically, SKETCH [113]
develops an active learning framework for subgraph counting; it
trains GNN to predict counts, and samples queries to update the
models. DMPNN [68] employs dual message passing neural net-
works for subgraph isomorphism counting. D2Match [69] leverages
deep GNNs and degeneracy for subgraph matching, by transform-
ing the subgraph matching to subtree matching.

This work differs from the prior work. (1) We unify algorithmic
methods and ML models to benefit from both, as opposed to relying
on ML models alone [61, 83]. (2) We study enumeration algorithms
for an EnumP-complete problem, not for decision or optimization
problems [75, 91]. (3) We target ML models for SubIso to scale with
large graphs and patterns, rather than the one-size-fit-all model
of [61, 68, 69, 113] that deal with small graphs. (4) As opposed
to [68, 69, 113], our model checks whether a partial match is valid.
Algorithms with ML oracles. There has also been work on devel-
oping algorithms with ML predictions to improve the efficiency,
categorized as follows. (1) Algorithms for online problems, e.g.,
online steiner tree [100], online bin packing [13], online TSP [44],
online assignment [95], contract scheduling [12], paging [14, 59],
caching [70], frequency estimation [6], index structures [64],
revenue-maximizing auctions [32, 77] and sorting [17]. (2) Prin-
ciples for designing algorithms with predictions. [82] shows how
to develop algorithms for the ski rental problem, and proves perfor-
mance guarantees. [61] combines reinforcement learning and graph
embedding to learn greedy heuristics for online algorithms with ML
predictions. [10] proposes a regression-based strategy to learn ML
models for algorithms for online search such as ski rental and bin
packing, and provides a competitive ratio of upper bound for such
algorithms. (3) Strategies to improve the performance of algorithms
with prediction, e.g., [11] redesigns ML models by incorporating
optimization benchmarks in the loss functions; [15, 37, 48, 72] com-
bine the predictions of multiple ML models; and [35, 39] minimize
the cost of ML predictions when the input distribution is given.

Closer to this work are [97, 99, 102, 104]. RL-QVQ [97] generates
high-quality matching order for subgraph enumeration by employ-
ing reinforcement learning. GNNPE [104] provides an enumeration
algorithm for SubIso, which partitions graph patterns into multiple
paths, and prunes candidates of these paths using their GNN-based

embeddings. MLSearch [102] trains a GNN model to filter partial
matches by ranking degrees and labels, and develops a sampling
algorithm to alleviate network training collapse. OptMatch [99]
uses partial embeddings to find the first matches.

This work departs from the previous work in the following. (1)
We study enumeration algorithms, not (the existence of) a single
solution for a decision or optimization algorithm. (2)We focus on an
EnumP-complete problem, rather than tractable (e.g., sorting [17])
or NP-complete problems (e.g., TSP [44]). (3) We study the consis-
tency and robustness to characterize the accuracy of VF3𝑀 , not just
to measure the cost of algorithms as in [97, 99, 102, 104]. (4) We ex-
tend a partition-based strategy to enhance the accuracy ofM in pre-
dicting partial matches, while [102] makes a prediction based on the
embeddings of the entire𝐺 and𝑄 , and [99] extends partial matches
by aggregating node features using attention mechanism. (5) We
improve backtrack-based algorithms for SubIso with ML oracles,
while [104] targets join-based methods by filtering paths via GNNs.

Algorithms for SubIso. Prior work on SubIso algorithms can be cat-
egorized as follows. (1) Exact algorithms, e.g., CECI [21], DPiso [50],
VEQ [62], RM [90], CFL [22] and PathLAD+ [98], which work al-
most the same asVF3 (Section 3.1), except that they explore different
strategies to (a) determine the matching order, (b) compute can-
didate matches for pattern vertices, and (c) develop different data
structures to build indices (see [112] for a recent survey). Different
from VF3, [26, 104] enumerate all matches using the join frame-
work after filtering candidates. (2) Approximate matching, which
(a) first selects candidate matches for each pattern vertex via simi-
larity score functions [114], the Jaccard similarity and chi-square
statistic [40], or statistical significance and Chebyshev’s inequal-
ity [7], and (b) then computes approximate matches by removing
edges and vertexes from given graphs [84], using a neural distance
function to find approximate edge alignment between patterns and
graphs [86], composing the matches of spanning trees [111], com-
puting the match covers [88] or adopting genetic algorithms [18].
(3) Enumeration speedup, e.g., [38, 46, 47, 52, 67] develop parallel al-
gorithms for SubIso; [51, 108] enumerate matches of path patterns;
[66] lists cliques in graphs; and [60] accelerates the enumeration
by matching isolated vertices using bipartite graph matching.

Our algorithms for SubIso differs from these methods in the
following. (1) We develop enumeration algorithms with ML pre-
dictors, as opposed to enumerating all possible candidate matches
as exact algorithms, e.g., CECI [21] and DPiso [50]. (2) No matter
whether the ML predictor is error-free or not, our algorithms re-
turn exact matches, instead of approximate matches [8, 114]. (3) We
provide performance guarantees (consistency and robustness) for
our enumeration algorithms, which have not been studied before.

8 Conclusion
This work advocates an approach to enumeration problems by
unifying algorithmic methods and ML predictions. (1) We show
that SubIso is one of the hardest problems in EnumP, and for such
problems, it is beyond reach in practice to find an algorithm that
is both output-polynomial and 𝛽-robust for a constant 𝛽 unless
fewP = P. (2) This said, we develop VF3𝑀 algorithms that extend
VF3 with an ML model M to predict partial matches. We show
that these algorithms are consistent, robust with a high probability
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whenM makes bad predictions, and output-polynomial with a high
probability. (3)We train such amodelM via order-embedding space.
(4) Our empirical study has verified that the VF3𝑀 algorithms work
well, and the approach is promising since ML techniques evolve.

One topic for future work is to further improve the accuracy of
modelM by fine-tuning for different types of graphs and queries.
Another topic is to extend the study to other problems in EnumP.
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Figure 10: The construction in the reduction

Appendix
Proof of Proposition 1
The SubIso problem is in EnumP, since it is in PTIME to verify
whether a given mapping is an isomorphism. To show the EnumP-
completeness of SubIso, we next construct a parsimonious reduc-
tion from an existing EnumP-complete problem ΠSAT [19].

Given a 3SAT formula Φ = 𝐶1∧ . . .∧𝐶𝑛 , we construct an instance
of the SubIso problem, i.e., a graph 𝐺 = (𝑉 , 𝐸) and a pattern 𝑄 ,
such that each satisfying truth assignment of Φ is in one-to-one
correspondence with a match of𝑄 in𝐺 . More specifically, the graph
𝐺 = (𝑉 , 𝐸, 𝐿) and the pattern 𝑄 are constructed as follows:

(1) Graph 𝐺 = (𝑉 , 𝐸, 𝐿) represents relations between different
truth assignments of the 3SAT instance Φ. More specifically, (a)
𝑉 = ∪𝑖∈[1,𝑛] {𝑣𝑖,1, . . . , 𝑣𝑖,7}, i.e., for each clause 𝐶𝑖 (𝑖 ∈ [1, 𝑛]), 𝑉
contains seven vertices 𝑣𝑖,1, . . . , 𝑣𝑖,7 such that each vertex corre-
sponds to a satisfying truth assignment for 𝐶𝑖 ; (b) the edges in 𝐸
connect consistent assignments, i.e., given two vertices (i.e., two
truth assignments) 𝑣𝑖, 𝑗 and 𝑣𝑘,𝑙 , there exist two directed edges be-
tween 𝑣𝑖, 𝑗 and 𝑣𝑘,𝑙 labeled 𝜏 , i.e., (𝑣𝑖, 𝑗 , 𝜏, 𝑣𝑘,𝑙 ) and (𝑣𝑘,𝑙 , 𝜏, 𝑣𝑖, 𝑗 ), if
their common variables are assigned the same values in the two
assignments; and (c) the function 𝐿 assigns the labels as follows:
vertices 𝑣𝑖,1, . . . , 𝑣𝑖,7 carry label 𝑙𝑖 to represent clause 𝐶𝑖 in Φ.

For example, let Φ = (𝑥1∨𝑥2∨𝑥3)∧ (𝑥1∨𝑥2∨𝑥5)∧ (𝑥1∨𝑥2∨𝑥4).
Figure 10 shows parts of the graph 𝐺 . (a) The seven vertices on the
top represent the seven satisfying assignments for the first clause
𝑥1 ∨ 𝑥2 ∨ 𝑥3; (b) there exist two directed edges between vertices
𝑣1,1 and 𝑣2,1, since 𝑣1,1 and 𝑣2,1 represent assignments {𝑥1 = 0, 𝑥2 =
0, 𝑥3 = 1} and {𝑥1 = 0, 𝑥2 = 0, 𝑥5 = 1}, respectively, and the two
assignments are consistent, i.e., the same variable is assigned the
same value; (c) there does not exist an edge between 𝑣2,1 and 𝑣3,2,
since variable 𝑥2 is assigned different values 0 and 1; and (d) vertices
𝑣1,1, . . . , 𝑣1,7 (i.e., the seven satisfying truth assignments for the first
clause) carry the same label 𝑙1; and the vertices for the second and
third clauses carry labels 𝑙2 and 𝑙3, respectively.

(2) Pattern 𝑄 is a clique of size 𝑛, i.e., the number of clauses in Φ.
Vertices 𝑣1, . . . , 𝑣𝑛 in 𝑄 carry distinct labels 𝑙1, . . . , 𝑙𝑛 , respectively.

This completes the construction of 𝐺 and 𝑄 . Clearly, 𝐺 and
𝑄 can be constructed in PTIME, since (a) there exist 7𝑛 vertices
and at most 49𝑛2 many edges in 𝐺 , and (b) 𝑄 has 𝑛 vertices

and 𝑛(𝑛 − 1) many edges. We show that this is a parsimonious
reduction following [19]. That is, each satisfying truth assignment
of Φ is in one-to-one correspondence with each clique in 𝐺 .

(⇒) Given a satisfying truth assignment 𝜇 of Φ, we construct a
match ℎ of𝑄 (i.e., a clique of size 𝑛) in𝐺 as follows: for each clause
𝐶𝑖 carrying variables 𝑥𝑖,1, 𝑥𝑖,2 and 𝑥𝑖,3, vertex 𝑣𝑖 in 𝑄 is mapped to
a vertex 𝑣𝑖, 𝑗 in 𝐺 representing the assignment 𝑥𝑖,1 = 𝜇 (𝑥𝑖,1), 𝑥𝑖,2 =
𝜇 (𝑥𝑖,2) and 𝑥𝑖,3 = 𝜇 (𝑥𝑖,3). The mapping is unique, since the truth
assignment of 𝐶𝑖 is fixed in 𝜇, and there exists a unique vertex
labeled 𝑙𝑖 representing this truth assignment. Hence the reduction is
parsimonious. It remains to show that there exists an edge between
ℎ(𝑥𝑖 ) and ℎ(𝑥 𝑗 ) for any 𝑖, 𝑗 ∈ [1, 𝑛] with 𝑖 ≠ 𝑗 . Indeed, since all
clauses in Φ are satisfied under the truth assignment 𝜇 and each
variable is assigned only one value in 𝜇, the truth assignments
represented byℎ(𝑥𝑖 ) andℎ(𝑥 𝑗 ) are consistent, i.e., the same variable
is assigned the same value. So, there exists an edge between ℎ(𝑥𝑖 )
and ℎ(𝑥 𝑗 ) for 𝑖, 𝑗 ∈ [1, 𝑛] with 𝑖 ≠ 𝑗 . Thus ℎ is a full match of𝑄 in𝐺 .

(⇐) Given a full match ℎ of pattern 𝑄 in graph 𝐺 , we deduce a
satisfying truth assignment 𝜇 of Φ. More specifically, since the
labels of vertices in𝐺 are distinct, each vertex 𝑣𝑖 in 𝑄 is mapped to
a satisfying truth assignment of clause 𝐶𝑖 . We define 𝜇 as follows:
assume that clause 𝐶𝑖 carries variables 𝑥𝑖,1, 𝑥𝑖,2 and 𝑥𝑖,3, and vertex
ℎ(𝑣𝑖 ) in 𝐺 encodes the truth assignment 𝑥𝑖,1 = 𝑐1, 𝑥𝑖,2 = 𝑐1 and
𝑥𝑖,3 = 𝑐3; then we set 𝜇 (𝑥𝑖,1) = 𝑐1, 𝜇 (𝑥𝑖,2) = 𝑐2 and 𝜇 (𝑥𝑖,3) = 𝑐3.
This truth assignment is unique, since the full match ℎ is fixed and
each vertex labeled 𝑙𝑖 in 𝐺 represents only one truth assignment
of 𝐶𝑖 . Hence the reduction is parsimonious. We next show that 𝜇
is a satisfying truth assignment of Φ. Indeed, (a) 𝜇 is consistent,
since 𝑄 is a clique, and edges link only truth assignments that are
consistent; and (b) Φ is satisfied by the assignment 𝜇, since each
vertex 𝑣𝑖 in 𝑄 is mapped to a satisfying truth assignment of clause
𝐶𝑖 , and pattern 𝑄 has 𝑛 vertices carrying different labels. 2

Proof of Theorem 2
We show that no algorithm exists for SubIso that is both output poly-
nomial and 𝛽-robust for any positive constant 𝛽 unless fewP = P.
It suffices to show that there exists no output polynomial algo-
rithm for SubIsowhose recall is larger than 0. We prove that if such
algorithm exists, then we can deduce fewP ⊆ P. Then fewP = P.

Assume that there exists an output polynomial algorithm A for
SubIso whose F1 score is at least 𝛽 . We show that fewP ⊆ P. We
construct a reduction from fewP to a subset of SubIso, denoted by
SubIsoP, which consists of SubIso instances 𝐵 = (𝑄,𝐺) such that
there exist polynomial many matches of 𝑄 in 𝐺 . Let 𝐴 = (𝑥,𝑀) be
an instance of fewP, where 𝑥 is the input and𝑀 is a nondetermin-
istic Turing machine. We can construct a parsimonious reduction
from𝐴 = (𝑥,𝑀) to an instance 𝐵 = (𝑄,𝐺) in SubIsoP following [33,
79]. Here a parsimonious reduction is a PTIME reduction preserving
the number of solutions (see Section 2; [81]). Using A, we develop
algorithm B to check whether 𝑀 accepts 𝑥 as follows: run A to
compute 𝑄 (𝐺); if A returns at least one match, then return true,
i.e.,𝑀 accepts 𝑥 ; otherwise, return false, i.e.,𝑀 does not accept 𝑥 .

We next show the correctness of the reduction. That is, if the F1
measure of A is larger than 0, then B runs in polynomial time and
correctly answers whether𝑀 accepts 𝑥 . In the following, assume
that A is output polynomial and the F1 measure of A is above 0.
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(1) We first show that algorithm B runs in polynomial time. Indeed,
(a) since 𝐴 = (𝑥,𝑀) belongs to fewP and the reduction preserves
the number of solutions, the number of matches in𝑄 (𝐺) is bounded
by 𝑃 ( |𝑥 |, |𝑀 |) for some polynomial 𝑃 , where |𝑥 | and |𝑀 | are the
sizes of 𝑥 and𝑀 , respectively [81]. Meanwhile, (b) since algorithm
A is output polynomial, A runs in 𝑃1 (𝑃 ( |𝑥 |, |𝑀 |)) time for some
polynomial 𝑃1. Therefore, algorithm B runs in polynomial time.

(2) We next show that if the F1 score of algorithm A is larger
than 𝛽 , then B can correctly answer whether the Turing machine
𝑀 accepts the input 𝑥 . This is to show that 𝑀 accepts 𝑥 if and
only if A returns at least one match. (1) When A returns at
least one match, by the reduction, there exist polynomially many
accepting computations of 𝑀 on 𝑥 . That is, 𝑀 accepts the input
𝑥 . (2) On the other hand, if𝑀 accepts 𝑥 , the number of accepting
computations is bounded by a polynomial 𝑃2 ( |𝑥 |, |𝑀 |) > 0. From
the parsimonious reduction, there exist 𝑃2 ( |𝑥 |, |𝑀 |) many matches
of 𝑄 in 𝐺 . When the F1 measure of algorithm A is larger than 0,
A returns at least one match, since 𝑃 ( |𝑥 |, |𝑀 |) > 0.

Therefore, there exists a polynomial time algorithm B that can
answer whether𝑀 accepts 𝑥 . Then fewP = P. 2

Proof of Theorem 4
Since the precision of VF3𝑁

𝑀
is 1, it suffices to show that the recall of

VF3𝑁
𝑀

is at least Output
Output+𝑓 (𝜀 ) with a high probability. Then one can

see that 𝐹1(VF3𝑁
𝑀

) = 2·precision·recall
precision+recall = 2·recall

1+recall ≥
2Output

2Output+𝑓 (𝜀 ) .
Let R be the number of all matches of 𝑄 in 𝐺 , i.e., R = |𝑄 (𝐺) |.

Then R = Output + Miss, where Miss is the number of missed
matches. Since recall =

Output
Output+Miss , to prove the lower bound

for the recall of VF3𝑁
𝑀
, it suffices to prove an upper bound for

Miss. We prove that the number of missed matches for each
false prediction of M is bounded by B with a probability of at
least 1 − 𝜀

𝑁N
. Here 𝑁N is the number of false predictions of

M, which can be recorded during the running of VF3𝑁
𝑀
, and

B =
1+𝜂 |𝐺 |− |𝐺 |+

√︃
( |𝐺 |−1−|𝐺 |𝜂 )2−4(1− 𝜀

𝑁N
)

2𝜂 . If this holds, we use
the generalized Bonferroni inequality [30] to show that the recall of
VF3𝑁

𝑀
is bounded by Output

Output+𝑁NB with a probability of at least 1−𝜀.

That is, we prove the theorem in the following two steps.

(1) We first show that the number of missed matches for each false
prediction is bounded by B with a probability of at least 1 − 𝜀

𝑁N
.

Let 𝜌 be a partial match on which M returns false. Let
𝑌1, . . . , 𝑌𝑁T be all full matches that are extended from 𝜌 . SinceM is
monotonically decreasing,M returns false for all partial matches
extended from 𝜌 . Because the error rate of M is 𝜂, we show that
the probability that all of 𝑌1, . . . , 𝑌𝑁T are missed is less than 𝜀

𝑁N
.

More specifically, the probability can be computed as follows:

𝑃 (𝑌1 ∩ . . . ∩ 𝑌𝑁T )

≤1 − (
𝑁T∑︁
𝑖=1

𝑃 (𝑌𝑖 ) −
𝑁T∑︁

1=𝑖< 𝑗≤𝑁T

𝑃 (𝑌𝑖 ∩ 𝑌𝑗 )) (1)

≤1 − (𝜂𝑁T −
𝑁T∑︁

1=𝑖< 𝑗≤𝑁T
∧𝑌𝑖⊕𝑌𝑗

𝑃 (𝑌𝑖 ) −
𝑁T∑︁

1=𝑖< 𝑗≤𝑁T
∧¬(𝑌𝑖⊕𝑌𝑗 )

𝑃 (𝑌𝑖 )𝑃 (𝑌𝑗 )) (2)

≤1 − 𝜂𝑁T + 𝑁T
|𝐺 | |𝐺 |2𝜂 + (𝑁 2

T − 𝑁T
|𝐺 | |𝐺 |2)𝜂2 (3)

≤1−𝜂𝑁T+𝑁T |𝐺 |𝜂 + 𝑁 2
T𝜂

2−𝑁T |𝐺 |𝜂2

≤𝜂2𝑁 2
T + (|𝐺 | − 1 − |𝐺 |𝜂)𝜂𝑁T + 1

Inequality (1) holds due to the inclusion–exclusion principle [30].
The predicate 𝑌𝑖 ⊕ 𝑌𝑗 in Inequality (2) denotes that full matches
𝑌𝑖 and 𝑌𝑗 share the same partial matches, i.e., the predictions of
M on 𝑌𝑖 and 𝑌𝑗 are not independent. Inequality (2) holds since we
assume that for any two partial matches 𝜌1 and 𝜌2, if they have
two different vertices in 𝐺 mapped to the same pattern vertex
𝑢𝑖 in 𝑄 with 𝑖 ≠ |𝑄 |, i.e., 𝑢𝑖 is not the last pattern node in the
matching order O, then the predictions of M on 𝜌1 and 𝜌2 are
independent (see below). Here (a) the probability 𝑃 (𝑌𝑖 ) of making
an FN prediction is 𝜂; (b) VF3𝑁

𝑀
enumerates all candidate matches

for the last pattern node 𝑢 in the matching order O, without using
M. Inequality (3) holds since (a) each full match ℎ has at most |𝐺 |
many full matches sharing the same partial match 𝜌 , where the
mappings of all pattern vertices except 𝑢 are fixed, and (b) VF3𝑁

𝑀
directly enumerates candidate matches of 𝑢 without usingM.

The independence assumption for ML models has been used in
the analysis of ML models [45, 56, 57, 101]. Intuitively, given two
partial matches 𝜌1 and 𝜌2 that are independent, the prediction of
M on 𝜌1 does not use the prediction on 𝜌2, and vice versa [57].
Then we can extend 𝜌1 and 𝜌2 to graphs, in which the predictions
ofM on 𝜌1 and 𝜌2 are independent. More specifically, (a) we can
construct two graphs 𝐺1 and 𝐺2 such that (i) both 𝜌1 and 𝜌2 are
partial matches of 𝑄 in 𝐺1 and 𝐺2, respectively; and (ii) 𝜌1 (resp.
𝜌2) is a valid (resp. invalid) partial match. When the precision of
M is high, the predictions of M on partial matches 𝜌1 and 𝜌2 are
different. (b) Similarly, we can construct two graphs 𝐺 ′

1 and 𝐺 ′
2

such that (i) both 𝜌1 and 𝜌2 are partial matches of 𝑄 in 𝐺 ′
1 and

𝐺 ′
2, respectively; and (ii) the predictions of M on 𝜌1 and 𝜌2 are

the same. That is, we cannot determine the prediction of M on 𝜌1
based on the prediction ofM on 𝜌2, and vice versa.

By setting 𝑁 2
T𝜂

2 + (|𝐺 | − 1 − |𝐺 |𝜂)𝜂𝑁T + 1 ≤ 𝜀
𝑁N

, we have

that 𝑁T ≤
1+𝜂 |𝐺 |− |𝐺 |+

√︃
( |𝐺 |−1−|𝐺 |𝜂 )2−4(1− 𝜀

𝑁N
)

2𝜂 . Then with a
probability 𝜀

𝑁N
, the number of missed matches is bounded by

B =
1+𝜂 |𝐺 |− |𝐺 |+

√︃
( |𝐺 |−1−|𝐺 |𝜂 )2−4(1− 𝜀

𝑁N
)

2𝜂 for a false prediction
ofM.

(2) Using the generalized Bonferroni inequality [30], we show that
the recall of VF3𝑁

𝑀
is bounded by Output

Output+𝑁NB with a probability
of at least 1 − 𝜀. Let 𝑝1, . . . , 𝑝𝑁N be all false predictions ofM, and
𝑃 (𝑝1), . . . , 𝑃 (𝑝𝑁N ) be the probabilities that VF3𝑁𝑀 misses at most B
full matches for each false prediction 𝑝𝑖 (𝑖 ∈ [1, 𝑁N]). Then the gen-
eralized Bonferroni inequality states that the probability that VF3𝑁

𝑀

misses 𝑁NB many full matches is no less than
𝑁N∑
𝑖=1

𝑃 (𝑝𝑖 ) − (𝑁N −1),
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i.e., 𝑃 ( ⋂
𝑖∈[1,𝑁N ]

𝑝𝑖 ) ≥
𝑁N∑
𝑖=1

𝑃 (𝑝𝑖 )−(𝑁N−1), where ⋂
𝑖∈[1,𝑁N ]

𝑝𝑖 denotes

that all false predictions miss at most 𝑁NB many full matches.
As shown above, 𝑃 (𝑝𝑖 ) ≥ 1− 𝜀

𝑁N
with 𝑖 ∈ [1, 𝑁N]. Based on the

generalized Bonferroni inequality, we have that 𝑃 ( ⋂
𝑖∈[1,𝑁N ]

𝑝𝑖 ) ≥

𝑁N∑
𝑖=1

𝑃 (𝑝𝑖 ) − (𝑁N − 1) ≥ 𝑁N (1 − 𝜀
𝑁N

) − (𝑁N − 1) = 1 − 𝜀. 2

Proof of Theorem 5
We prove the lower bounds for VF3𝑂

𝑀
and VF3𝐷

𝑀
as follows.

(1) We first show that the recall of VF3𝑂
𝑀

is at least
Output𝑇 +Output𝐹𝑇

Output𝑇 +Output𝐹𝑇 +(1−𝑝𝑢 )𝑁NB with a probability of 1 − 𝜀.
Observe the following. (A) for full matches, the predictions of

model M can be categorized as follows: the confidence of M is (a)
above 𝛿T; (b) between 𝛿T and 𝛿F; and (c) below 𝛿F. (B) The numbers
of full matches in cases (a) and (b) are Output𝑇 and Output𝐹𝑇 , re-
spectively. (C) There exist at most (1 − 𝑝u)𝑁NB full matches of
class (c) with a probability of 1 − 𝜀, and all these full matches are
missed by VF3𝑂

𝑀
. Indeed, (i) there exist at most 𝑁NB full matches

at which the confidence of M is in the range [0, 𝛿𝑇 ), as shown
in Theorem 4; and (ii) among these matches, there exist at most
(1 − 𝑝u)𝑁NB full matches at which the confidences of M is be-
low 𝛿F, by the definition of 𝑝u. Thus the recall of VF3𝑂𝑀 is at least

Output𝑇 +Output𝐹𝑇
Output𝑇 +Output𝐹𝑇 +(1−𝑝𝑢 )𝑁NB with a probability of 1 − 𝜀.

(2) The analysis of VF3𝐷
𝑀

is similar, except that (a) there ex-
ist Output𝐹 returned matches at which the confidence of M is
in the range [0, 𝛿𝐹 ). Therefore, the recall of VF3𝐷

𝑀
is at least

2(Output𝑇 +Output𝐹𝑇 +Output𝐹 )
2Output𝑇 +2Output𝐹𝑇 +2Output𝐹 +(1−𝑝u )𝑁NB with a probability of 1−𝜀.

This completes the proof of Theorem 5. 2

Proof of Theorem 6
We prove the theorem in two steps: (1) whenM is error-free (i.e.,
𝜂 = 0), VF3𝑁

𝑀
is output polynomial; and (2) when the error rate of

M is 𝜂, VF3𝑁
𝑀

is output polynomial with a probability of at least
1 − 𝜀. To prove (2), we use an inequality deduced when proving (1).

(1) We first show that when 𝜂 = 0, VF3𝑁
𝑀

is output polynomial. It
suffices to show thatM makes at most𝑂 ( |𝐺 | (Output𝑇 + 1)) many
false predictions, which will be used to prove (2). If it holds, VF3𝑁

𝑀

runs in 𝑂 ( |𝑄 | |𝐺 | (Output𝑇 + 1)) time, i.e., VF3𝑁
𝑀

is output polyno-
mial. Observe that (a) when M returns true for a partial match
𝜌 , there exist full matches extended from the partial matches, and
the total number of true predictions is bounded by𝑂 ( |𝑄 |Output𝑇 );
and (b) whenM returns false for a partial match 𝜌 , VF3𝑁

𝑀
discards

𝜌 and continues to check other partial match.
We next show that M makes at most 𝑂 ( |𝐺 | (Output𝑇 + 1))

many false predictions. To this end, we first define a partial order ≺
over partial matches. More specifically, given two partial matches
𝜌1 and 𝜌2, denote by 𝜌2 ≺ 𝜌1 if 𝜌1 is extended from 𝜌2. Denote by
S the set of minimal partial matches 𝜌min satisfying the following
two conditions: (1) M returns false on 𝜌min, and (2) M returns
true on all partial 𝜌𝑝 matches such that 𝜌𝑝 ≺ 𝜌min, i.e., 𝜌min is

extended from 𝜌𝑝 . Then |S| ≤ |𝐺 | × (Output + 1). Indeed, for each
minimal partial match 𝜌′

𝑖
, consider the following two cases: (1)

when there exists a true prediction 𝜌′ such that 𝜌′ ≺ 𝜌′
𝑖
and 𝜌′

𝑖
is directly extended from 𝜌′, the number of such minimal partial
matches is bounded by the number of true predictions, i.e., Output.
(2) When 𝜌′

𝑖
is not extended from a partial match at which M

makes a true prediction, since the error rate of M is 0, 𝜌′
𝑖
can

only be extended from the initial partial match ∅. Note that VF3𝑁
𝑀

does not expand any partial match at which M makes a false
prediction. So only the first pattern vertex 𝑢 in the matching order
O is mapped in 𝜌′

𝑖
, and the number of such partial matches is

bounded by |𝐺 |, since 𝑢1 has at most |𝐺 | many candidate matches.

(2) We next show that when the error rate of M is 𝜂 > 0, VF3𝑁
𝑀

is output polynomial with a probability of at least 1 − 𝜀. Consider
the following four cases of the predictions of M: (a) true-negative
predictions, (b) false-negative predictions, (c) true-positive
predictions, and (d) false-positive predictions. For cases (a) and (c),
we can verify that M is output polynomial as in (1). For case (b),
we can verify that the number of such predictions is bounded by
|𝐺 | (Output+1), similar to the inequality in (1) (see more about this
below). For case (d), we show that the number of such predictions
is bounded by |𝐺 | (Output𝑇 + 1) × C with a probability of at least

1 − 𝜀, where C =
1+(1−𝜂 ) |𝐺 |− |𝐺 |+

√
( |𝐺 |−1−|𝐺 | (1−𝜂 ) )2−4(1−𝜀 )
2(1−𝜂 ) .

(I) At first, we define the minimal partial matches as in (1). Let
S = {𝜌1, . . . , 𝜌K } be all partial matches on which 𝑀 makes false
positive predictions. Assume that 𝜌′1, . . . , 𝜌

′
|S | are all the minimal

partial matches in S based on the defined order ≺. Moreover, we
can show that |S| ≤ 𝑂 ( |𝐺 | (Output + 1)) due to the proof in (1).

(II) We first show that with a probability of at least 1 − 𝜀
|S | , for

any minimal partial match 𝜌′
𝑘
(𝑘 ∈ [1, |S|]), there are at most

C′ =
1+(1−𝜂 ) |𝐺 |− |𝐺 |+

√︃
( |𝐺 |−1−|𝐺 | (1−𝜂 ) )2−4(1− 𝜀

|S| )
2(1−𝜂 ) false-positive

(FP) predictions when M checks partial matches extended from
𝜌′
𝑘
. Let 𝑌1, . . . , 𝑌𝑁𝑘

be all FP predictions whenM inspects partial
matches extended from 𝜌′

𝑘
. As the error rate of M is 𝜂, we show

that the probability that 𝑌1, . . . , 𝑌𝑁𝑘
are all predicted true is less

than 𝜀
|S | . More specifically, the probability can be computed as:

𝑃 (𝑌1 ∩ . . . ∩ 𝑌𝑁𝑘
)

≤1 − (
𝑁𝑘∑︁
𝑖=1

𝑃 (𝑌𝑖 ) −
𝑁𝑘∑︁

1=𝑖< 𝑗≤𝑁𝑘

𝑃 (𝑌𝑖 ∩ 𝑌𝑗 )) (1)

≤1 − ((1 − 𝜂)𝑁𝑘 −
𝑁𝑘∑︁

1=𝑖< 𝑗≤𝑁𝑘

∧𝑌𝑖⊕𝑌𝑗

𝑃 (𝑌𝑖 ) −
𝑁𝑘∑︁

1=𝑖< 𝑗≤𝑁𝑘

∧¬𝑌𝑖⊕𝑌𝑗

𝑃 (𝑌𝑖 )𝑃 (𝑌𝑗 )) (2)

≤1 − (1 − 𝜂)𝑁𝑘 + 𝑁𝑘

|𝐺 | |𝐺 |2 (1 − 𝜂) + (𝑁𝑘 2 −
𝑁𝑘

|𝐺 | |𝐺 |2) (1 − 𝜂)2 (3)

≤1 − (1 − 𝜂)𝑁𝑘 + 𝑁𝑘 |𝐺 | (1 − 𝜂) + 𝑁𝑘 2 (1 − 𝜂)2 − 𝑁𝑘 |𝐺 | (1 − 𝜂)2

≤(1 − 𝜂)2𝑁𝑘 2 + (|𝐺 | − 1 − |𝐺 | (1 − 𝜂)) (1 − 𝜂)𝑁𝑘 + 1

Inequalities (1), (2) and (3) hold due to the same reasons given
for their counterparts in the proof of Theorem 4. Different from
the proof of Theorem 4, the probability 𝑃 (𝑌𝑖 ) of making a correct
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prediction𝑌𝑖 with 𝑖 ∈ [1, 𝑁𝑘 ] is 1−𝜂. Recall that𝑌𝑖 (𝑖 ∈ [1, 𝑁𝑘 ]) de-
notes that M makes a false prediction on a partial match extended
from the minimal partial match 𝜌′

𝑖
, which is a correct prediction.

By setting (1−𝜂)2𝑁𝑘 2+(|𝐺 |−1−|𝐺 | (1−𝜂)) (1−𝜂)𝑁𝑘+1 ≤ 𝜀
|S | , we

have that 𝑁𝑘 ≤ C′ =
1+(1−𝜂 ) |𝐺 |− |𝐺 |+

√︃
( |𝐺 |−1−|𝐺 | (1−𝜂 ) )2−4(1− 𝜀

|S| )
2(1−𝜂 ) .

Then with a probability of at least 𝜀
|S | , the number of false-positive

predictions is bounded by C′ for each minimal partial match 𝜌′
𝑘
.

(III) Using the generalized Bonferroni inequality [30], we show
that VF3𝑁

𝑀
is output polynomial with a probability of at least

1 − 𝜀. Let 𝑝′1, . . . , 𝑝
′
|S | be the minimal partial matches in S, and

𝑃 (𝑝′1), . . . , 𝑃 (𝑝
′
|S | ) be the probabilities that VF3

𝑁
𝑀

makes at most
C′ FP predictions for each minimal partial match 𝑝𝑖 (𝑖 ∈ [1, |S|]).
Then we show that the probability thatM makes at most |S|C′ FP

predictions is no less than
|S |∑
𝑖=1

𝑃 (𝑝′
𝑖
)− (|S|−1), i.e., 𝑃 ( ⋂

𝑖∈[1, |S | ]
𝑝′
𝑖
) ≥

|S |∑
𝑖=1

𝑃 (𝑝′
𝑖
) − (|S| −1), where ⋂

𝑖∈[1, |S | ]
𝑝′
𝑖
denotes that all |S| minimal

partial matches leads to at most |S|C′ FP predictions.
As shown above, 𝑃 (𝑝′

𝑖
) ≥ 1 − 𝜀

|S | with 𝑖 ∈ [1, |S|]. Based on the
generalized Bonferroni inequality, we have that 𝑃 ( ⋂

𝑖∈[1, |S | ]
𝑝′
𝑖
) ≥

|S |∑
𝑖=1

𝑃 (𝑝′
𝑖
) − (|S| − 1) ≥ |S|(1 − 𝜀

|S | ) − (|S| − 1) = 1 − 𝜀.

Therefore, the number of FP predictions is bounded by |S|C′ ≤

|𝐺 | (Output𝑇 +1)×
1+(1−𝜂 ) |𝐺 |− |𝐺 |+

√︃
( |𝐺 |−1−|𝐺 | (1−𝜂 ) )2−4(1− 𝜀

|S| )
2(1−𝜂 ) ≤

|𝐺 | (Output𝑇 + 1) × 1+(1−𝜂 ) |𝐺 |− |𝐺 |+
√
( |𝐺 |−1−|𝐺 | (1−𝜂 ) )2−4(1−𝜀 )
2(1−𝜂 ) =

|𝐺 | (Output𝑇 +1) × C with a probability of at least 1−𝜀. 2

Proof of Corollary 7
It suffices to show that the complexity of VF3𝑁

𝑀
is bounded by

2|𝐺 |C 𝑓 (𝑄,M)·OPT(𝑄,𝐺) with a probability of at least 1−𝜀, where
OPT is the cost incurred by the optimal offline algorithm, and
𝑓 (𝑄,M) denotes the cost forM to make a prediction. Observe that
(1) the cost of VF3𝑁

𝑀
is bounded by |𝐺 | (Output𝑇 + 1) ×C × 𝑓 (𝑄,𝑀)

with a probability of at least 1−𝜀 by Theorem 6; and (2)Output𝑇 ≤
OPT, i.e., the cost incurred by the optimal offline algorithm is at
least Output𝑇 , since the precision of VF3𝑁

𝑀
is 1, and there exist at

least Output𝑇 many full matches in 𝑄 (𝐺). Then, the cost of VF3𝑁
𝑀

is at most |𝐺 | (Output𝑇 + 1) ×C × 𝑓 (𝑄,M) ≤ 2|𝐺 |C 𝑓 (𝑄,M) ·OPT
with a probability of at least 1−𝜀. So, the competitive ratio of VF3𝑁

𝑀
is at least 2|𝐺 |C 𝑓 (𝑄,M) with a probability of at least 1 − 𝜀. 2

Proof of Proposition 8
(1) We first prove the competitive ratio for VF3𝑂

𝑀
. We partition the

partial matches into three parts based on the predictions of M:
(a) whenM has confidence above 𝛿T; (b) whenM has confidence
between 𝛿T and 𝛿F; and (c) whenM has confidence below 𝛿F.

We analyze these parts as follows:

(A) For part (a), the computation is similar to that of VF3𝑁
𝑀
, except

that VF3𝑂
𝑀

calls IsFeasible. Because the complexity of IsFeasible is
bounded by |𝐺 | |𝑄 | [29], and the complexity of VF3𝑁

𝑀
is bounded

by |𝐺 | (Output𝑇 + 1) × C × 𝑓 (𝑄,M) (see the proof of Corollary 7),
the complexity of VF3𝑂

𝑀
is bounded by |𝐺 | (Output𝑇 + 1) × C ×

(𝑓 (𝑄,M) + |𝐺 | |𝑄 |) ≤ 2|𝐺 |C(𝑓 (𝑄,M) + |𝐺 | |𝑄 |) · OPT.
(B) For part (c), it simply returns false, and its cost is bounded by the
number of false predictions just like in the case of VF3𝑁

𝑀
. However,

some of these predictions may be further checked via procedure
IsFeasible. Therefore, the complexity in this case is also bounded
by 2|𝐺 |C(𝑓 (𝑄,M) + |𝐺 | |𝑄 |) · OPT.
(C) For part (b), the number of full matches at which M has con-
fidences in the range [𝛿F, 𝛿T) is at least 𝑝u𝑁NB by the definition
of 𝑝u. The complexity of part (b) is bounded by 𝑝u𝑁NB|𝑄 | |𝐺 | ≤
𝑝u

𝑁N
OPTOPTB|𝑄 | |𝐺 | ≤ 𝑝u

𝑁N
OutputB|𝑄 | |𝐺 | · OPT.

Putting these together, the competitive ratio of VF3𝑂
𝑀

is
bounded by 4|𝐺 |C(𝑓 (𝑄,M) + |𝐺 | |𝑄 |) + 𝑝u

𝑁N
OutputB|𝑄 | |𝐺 | ≤

5|𝐺 |C|𝑄 |𝑝u 𝑁N
OutputB(𝑓 (𝑄,M) + |𝐺 | |𝑄 |) = 5𝑁𝑐 (𝑓 (𝑄,M) + |𝐺 | |𝑄 |).

(2) For the competitive ratio of VF3𝐷
𝑀
, observe that compared with

VF3𝑂
𝑀
, VF3𝐷

𝑀
further conducts deep checking to reduce FNs. The

complexity of deep checking is bounded by |𝐺 |2 |𝑄 |, since it is con-
ducted for at most |𝐺 | times, and each deep checking takes at most
|𝐺 | |𝑄 | time. Similar to the analysis of VF3𝑂

𝑀
, one can verify that the

competitive ratio of VF3𝐷
𝑀

is bounded by 4|𝐺 |C(𝑓 (𝑄,M)+ |𝐺 | |𝑄 | +
|𝐺 |2 |𝑄 |) + 𝑝u 𝑁N

OutputB|𝑄 | |𝐺 | ≤ 5|𝐺 |C|𝑄 |𝑝u 𝑁N
OutputB(𝑓 (𝑄,M) +

2|𝐺 |2 |𝑄 |)=5𝑁𝑐 (𝑓 (𝑄,M) + 2|𝐺 |2 |𝑄 |). 2
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