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Abstract

This paper explores an ML-based method for Sublso, the graph pat-
tern matching problem. Given a graph G and a pattern Q, Sublso
is to find all subgraphs of G that are isomorphic to Q. We show
that Sublso is EnumP-complete, where EnumP is the class of enu-
meration problems that is the enumeration counterpart of NP. We
study revisions VF3y; of VF3, a well-known algorithm for Sublso,
by taking an ML model M as an oracle. Model M predicts candidate
matches, and VF3; verifies the matches, reducing costly backtrack-
ing. We investigate whether VF3), can be (a) output polynomial,
i.e., its time cost can be expressed as a polynomial in the sizes of
the input and output, (b) consistent, i.e., its accuracy approaches
100% when M gives error-free predictions, and (c) f-robust, i.e., its
accuracy is at least ff even when M gives arbitrarily bad predictions.

We establish several results, positive and negative. On the nega-
tive side, we show that it is impossible for VF3y; to be both output
polynomial and f-robust with a positive constant § unless P = fewP,
a problem as hard as P = NP. On the positive side, we develop three
versions of VF3y, that are (a) consistent, and (b) either 1-robust or
output polynomial with a high probability. We also train a model M
for VF3,s. Using real-life and synthetic data, we show that VF3,,
is up to 15.75X-21x faster than VF3, with F1-score 0.98.

1 Introduction

Graph pattern matching is the problem that, given a pattern Q and
a graph G, computes the set Q(G) of all matches of Q in G, i.e., all
subgraphs of G that are isomorphic to Q. It has been widely used
in graph databases, biochemistry, computer vision, social network
analysis and fraud detection, among other things. We refer to the
problem as Sublso. Its decision version is to decide, given Q and G,
whether there exists a match of Q in G. The decision problem is
NP-complete (cf. [43]). Hence unless P = NP, it is unlikely to find
an exact polynomial-time (PTIME) algorithm for Sublso.

For PTIME algorithms of an intractable problem, the study has
mostly focused on its combinatorial optimization version to find
an optimal (maximum or minimum) solution, based on one of the
following approaches: (a) approximation, to find a solution that is at
most a factor from the optimal one, (b) heuristic, which may work
well in many cases but offer no proof for its accuracy and efficiency,
(3) randomization, to get a fast average running time but allow to
fail with a small probability, and (4) parameterization, to get PTIME
algorithms when certain input parameters are fixed [42].

While the decision version of Sublso is hard, the enumeration
problem Sublso is more challenging. In practice we often need to
find all the answers to a computational problem. When we answer
an SQL query Q’, we compute all answers to Q” in a dataset, not just
the existence of a solution or an optimal one. For Sublso, we have to
find all matches of a pattern Q in a graph G in order to, e.g., answer
an SPARQL pattern query, or to compute the confidence of rules [41].
However, Sublso is inherently exponential since the number of
matches may be O(|G]| IQ1) in the worst case. Moreover, the prior
approaches to developing algorithms for decision and optimization

problems no longer work well for enumeration problems.
Does there exist an efficient and accurate algorithm for Sublso?

An ML-based approach. We explore an approach towards Sublso
by taking machine learning (ML) models as oracles. For PoC, we
pick VF3 [28, 29], a well-known exact algorithm for Sublso, and
revise it by employing an ML model M to predict whether a partial
match p of pattern Q is valid, i.e., it can be extended to a full match in
G. We follow the prediction of M, recursively enumerate matches
as in VF3, but may skip its costly backtracking when M predicts p
to be invalid. We refer to such revisions of VF3 as VF3.
Intuitively, we want to unify algorithmic methods and ML pre-
dictions. On the one hand, Sublso algorithms have been studied for
decades. On the other hand, ML models have proven effective in
a variety of applications. Hence, it is natural to combine the two
and take advantage of both. Moreover, even when we cannot find
a good model M now, when ML techniques evolve, the quality of
M predictions will improve and VF3; will get more accurate.
The idea is not entirely new. Algorithms with ML predictions
have been studied for decision problems [24, 25, 32, 34, 64, 70, 76, 77,
82, 85, 95]. There has also been work on learning meta-algorithms
for optimization problems [61]. However, the prior methods (a) do
not carry over to Sublso, an enumeration problem, (b) rely on ML
alone, instead of unifying algorithmic methods and ML predictions,
and (c) guarantee neither the accuracy nor the efficiency (see below).

Challenges. It is nontrivial to develop VF3, algorithms that are
both accurate and efficient, measured by the following criteria.

(1) Output polynomial. Ideally, we want VF3,s to enumerate matches

in PTIME in the sizes of the input and output (assuming that apply-
ing M is in PTIME after M is trained, as commonly found in prac-
tice). An enumeration problem with such an exact algorithm is con-
sidered “tractable” and is in the complexity class OutputP [27]. How-
ever, we show that Sublso is EnumP-complete, where EnumP [92]
is the class of enumeration problems for which the correctness of a
candidate solution can be checked in PTIME, and is the enumeration
equivalent of NP. Hence, Sublso is one of the hardest problems in
EnumP. It is known that EnumP # OutputP unless P = NP [27].

(2) Consistency and robustness. Obviously, the accuracy of VF3,y is

impacted by the rate of false positives (FPs) and false negatives
(FNs) of its embedded ML model M. This said, we want VF3,s to
be both (a) consistent, i.e., it accuracy approaches 100% when the
predictions of M are error-free, and (b) f-robust for a bound S,
i.e., its accuracy is at least § even when M gives arbitrarily bad
predictions. That is, the more accurate M is, the more reliable VF3,
is. Moreover, VF3)y still performs well even when M is inaccurate.

Does there exist VF3y such that it is consistent, f-robust (for a
positive constant ) and output polynomial at the same time?

Contributions and organization. This paper aims to develop a
better understanding of these issues. We establish several results
about Sublso; some results are positive, while some are negative.



(1) EnumP-hardness (Section 2). We show that Sublso is EnumP-
complete. Thus unless P = NP, one cannot expect to find an exact
algorithm for Sublso that is output polynomial, i.e., its cost can be
expressed as a polynomial in the sizes of input and output. On
the positive side, if we find an output-polynomial enumeration
algorithm for Sublso, then all the enumeration problems in EnumP
will have a “tractable” accurate algorithm, since all such problems
can be reduced to Sublso with PTIME parsimonious reductions, i.e.,
transformations that preserve the number of solutions.

(2) Algorithms VF3)s (Section 3). We then develop three VF3; al-
gorithms for Sublso by incorporating an ML model M into VF3,
denoted by VF3N | VF31(\)/[ and VF3§)/I, respectively, adopting different
backup plans when the predictions of M may be bad. VF3% opts
to completely trust M and follows its predictions without backup.

VFSJ(\)/I trusts M only if its confidence is high, and resorts to VF3 as

a backup otherwise. VF3£I conducts deep checking if M predicts

false, to further reduce FNs and improve the robustness. The three
strive for efficiency, accuracy and their balance, respectively.

(3) Performance guarantees (Section 4). We show a negative result:

unless P = fewP, there exists no algorithm for Sublso that is both
output-polynomial and S-robust for a positive constant ; here fewP
is the class of problems that can be recognized by a nondeterministic
Turing machine in PTIME and have polynomially-bounded number
of solutions [9]. We know that fewP = P is as hard as P = NP [36].

On the positive side, we show the following: (a) the precision of
the three VF3,s algorithms is always 1, i.e., any solution found by
VF3,, is guaranteed to be correct for Sublso; hence they have no
FP; (b) all the algorithms are consistent, i.e., its accuracy (F1-score)
warrants to be 100% when M is error-free, i.e., there is neither
FP nor FN in this case; (c) VF3](\)4 and VFSf,I are “almost” 1-robust
with recall = 1 when M predictions have a high confidence; and (d)
with a high probability, VFSII\V/I is “almost” output polynomial and is
P-robust for ff determined by the size of output.

(4) ML model M (Section 5). We train an ML model M for VF3,
algorithms. Departing from previous models for subgraph matching
or counting, it predicts whether a partial match is valid. We adopt
IDGNN [107] for vertex embedding, develop a partition-based
strategy to embed patterns and graphs and encode the given partial
match, make a prediction using the order-embedding space, and
return a confidence of the prediction via a multilayer perceptron.
Moreover, we enrich training data to ensure the robustness of M.

(5) Effectiveness (Section 6). Using real-life and synthetic graphs,
we experimentally find the following. (a) By unifying algorithmic
methods and ML predictions, VF3Y, VF3](\)4 and VFSﬁ speed up
VF3 by 10.35X, 9.63% and 8.40X on average, respectively, up to 21X,
19.38x and 15.75X%. (b) The VF3, algorithms are accurate. They are
consistent (i.e., their precision is constantly 1), and their average
F1 scores are 0.44, 0.95 and 0.98, respectively, up to 0.62, 0.99 and
0.99. (c) Algorithms VF3](\74 and VF31€I are robust: their F1 scores are
above 0.9, even when the embedded ML model has error rate 0.5. (d)
Our ML model M is 15% more accurate than subgraph matching
and counting models on average, up to 29%.

We discuss related work in Section 7 and future work in Section 8.

The detailed proofs of the results of the paper are deferred to [2].

2 Sublso, EnumP, and OutputP

This section reviews the Sublso problem and complexity classes
EnumP and OutputP. We show that Sublso is EnumP-complete.

Graphs. Assume a countably infinite set I' of symbols for labels.
We consider labeled directed graphs G = (V,E, L), where (a) V is a
finite set of vertices, (b) E C V X T X V is a finite set of edges in
which (v1, [, 02) is an edge labeled | € T from v; to vz, and (c) Lis a
function such that for each vertex v € V, L(v) € T is its label.

Graph pattern matching. We next present Sublso.

Patterns. A graph pattern is a connected graph Q = (Vg, Eg, Lo),
where (a) Vp (resp. Ep) is a finite set of pattern vertices (resp. edges),
and (b) Lg assigns a label Lo () to each pattern vertex u € Vp.

Matching. A full match of pattern Q in a graph G is a bijective map-
ping from Vg to V” of a subgraph G” = (V’, E’, L’) of G such that (a)
for each vertex u in Vp, Lo(u) = L' (h(u)); and (b) e = (u,L,u’) is
an edge in Eg iff ¢’ = (h(u),, h(u")) is an edge in E for label / in T
Sublso. The numeration problem Sublso is stated as follows.

o Input: A graph pattern Q and a graph G.

o Output: The set Q(G) of all full matches of Q in G.

The set Q(G) may have O(|G]| 191 many matches of Q in G.

Partial match. A partial match of Q in G is a bijective mapping p
from a subgraph of Q to a subgraph of G as above. Match p is called
valid if it can be extended to be a full match h of Q in G such that
for each u € Vp, p(u) = h(u) if p(u) is defined. Full matches are a
special case of partial matches that cannot be further extended.

Example 1: Given graph G and pattern Q depicted in Figure 1,
there exists a unique full match of Q in G, i.e, the leftmost part
of G. Consider two partial matches p; and pz (colored in red and
indicated by blue circles, respectively). (1) Partial match p; is valid,
as it can be extended to the match in G. (2) However, p; is not valid
since when mapping us to w%, vertex ug finds no matchin G. O

Complexity classes. We consider two complexity classes EnumP
and OutputP (see [27]). Let X be a finite alphabet and 2* be the set
of finite words built on 3. For a binary predicate B C ¥* X 3*, we
write B(x) for the set of y such that B(x, y) holds. To simplify the
discussion, we consider predicates B such that B(x) is finite for all x.

The enumeration problem I1p is the function that associates B(x)
to x. Intuitively, it lists all solutions y to problem instance x.

EnumP. EnumP is the class of enumeration problems ITg such that
B € P, ie,itisin PTIME to check whether B(x, y) holds (whether
y is a solution to x). It is the equivalent of NP in enumeration.

An EnumP-complete problem is a problem in EnumP to which
all problems in EnumP can be reduced by parsimonious reductions.
A parsimonious reduction R from a problem A to problem B is a
PTIME transformation from instances of A to instances of B such
that for any instance x of A, the number of solutions to x is equal
to the number of solutions to instance R(x) of problem B [81].

Proposition 1: Sublso is EnumP-complete. g

Proof sketch: We show that Sublso is EnumP-complete by parsi-
monious reduction from ITgat. Problem IIsat is to enumerate all



Figure 1: The difference between VF3 and VF3,

solutions of a 3NF formula, and is EnumP-complete [92]. Given a
3SAT formula ® = C; A...ACp, we give a reduction by constructing
a graph G that includes seven vertices for each clause C; (i € [1,n])
and a pattern Q that is a clique of size n (the number of clauses). O

OutputP. A problem IIg € EnumP is in OutputP if for all instances
x of IIg, the time for computing all solutions in B(x) is bounded
by a polynomial in the size |x| of input and the size |B(x)| of the
output. Such a problem is said to be output polynomial.

Intuitively, I is in OutputP if it can be solved in PTIME in the
sizes of the input and output. The size of output is taken into account
since the number of solutions may be exponential in the size of the
input, e.g., Sublso. The cost is measured as the total time needed
to compute all solutions in B(x) to input x, using a RAM machine.

Abusing the notation, we say that an enumeration algorithm for
I1g is output polynomial if it takes PTIME in |x| and |B(x)|.

3 Programming with ML Oracles

This section develops revisions VF3ys of algorithm VF3 [28] by
incorporating an ML oracle M. We first review VF3 (Section 3.1) and
present a template for VF3,s (Section 3.2). Based on the template,
we then develop three VF3y; algorithms (Section 3.3).

3.1 Algorithm VF3

We first review VF3 [28, 29], a popular exact algorithm for Sublso.
Given a pattern Q and a graph G, it employs a recursive procedure
Enumerate to find all full matches of Q in G, and reduces the search
space by using efficient heuristic rules. Here we improve the original
algorithm VF3 of [28, 29] by incorporating optimization strategies
that are identified in [112] and verified effective for Sublso.

Algorithm. Given Q and G, VF3 computes the set Q(G) of matches
of Q in G. It first sets a matching order O of Q using the Maximum
Likelihood Estimation method. Here a matching order is a permu-
tation of the pattern vertices Vg in Q. Then it assigns each vertex
in G or Q to a class such that vertices from the same class can be
matched (line 2). Intuitively, it computes a set C(u) of candidates
matches from G for each pattern vertex u in Q. Then, it constructs a
tree representation 7~ of Q based on O, i.e., a vertex u,, is a parent of
uin 7 if up has an edge connected to u and appears before u in 0. It
also builds py, the initial partial match . After these, it enumerates
matches in Q(G) following the order O via procedure Enumerate.

Procedure Enumerate. As shown in Figure 2, given graph G, pat-
tern Q, candidates C for pattern vertices, a tree representation 7~ of
Q and a partial match p, Enumerate recursively extends the partial
match p to full matches, if possible, following the order O.
Enumerate works as follows. It first checks whether p is already a
full match; if so, it returns p as part of Output (lines 1-2). Otherwise,
it checks whether p is invalid, e.g., a pattern vertex in p has more
neighbors than its candidate matches in p; if so, it returns 0, i.e., the
current partial match cannot be extended to a full match (lines 3-4).

Input: A graph G, a pattern Q, a matching order O, a classification C,
a tree representation 7~ of Q, and the current partial match p.
Output: All full matches of Q in G that extend p.
if IsGoal(p) then
return {p};
if IsDead(p) then
return 0;
(te,vc) = (L, L);
(tn, vn) = GetCan(G,Q, 0, C, p, T, (uc, vc) );
while (up,v,) # (L, 1) do
if IsFeasible(G, Q, p, upn, v, ) then
P = p+ (Un,vp);
10. AOutput := Enumerate(G, Q, O, C, T, pc);

VX NG LN

11. Output := Output U AOutput;
12. (tn, vn) = GetCan(G,Q, 0,C, p, T, (un, vn));
13. return Output;

Figure 2: Procedure Enumerate

Otherwise, Enumerate iteratively extends partial match p by
mapping the next pattern vertex u, to its candidates v € C(u)
(lines 5-12). More specifically, it first identifies a vertex vy, in C(up)
that may match u,, (lines 5-6). That is, v, and u, are in the same
class, and they have “isomorphic” connections with vertices in p,
i.e., if u, has an edge (up, [, u1) (resp. (u1,l,uy)) in Q, then v has
an edge (vp, 1, p(u1)) (resp. (p(u1),l,05)) in G. Function GetCan
selects the next candidate for pattern vertices from the list of can-
didate matches; and (u¢, vc)=(L, L) marks the end of the list.

Expanding p with (un,v,) suggested by GetCan, denoted by
p + (upn, vy), Enumerate checks whether p + (up, v,) makes a bijec-
tive mapping. It calls Boolean function IsFeasible, which inspects
the 2-hop neighbors of u, and v, for further extensions, using a
set of heuristic rules (line 8). If p + (un,v,) passes the check, it
recursively invokes Enumerate to expand p + (up, v,) (lines 10-11).
After processing vy, it continues to checks other vertices in C(up)
(line 12), such that all candidates in C(uy,) are examined (line 7).

When processing p+ (up, v, ), Enumerate may recurse to a depth,
i.e, after it expands p+ (un, vn) With (Un+1,9n+41), - - -, (Un+ms On+m),
it finds that the expansion is “dead” (line 3), i.e., p + (up, v,) does
not lead to a full match. At this point, Enumerate has to backtrack,
and continues the search from p + (uy, v},) for a different candidate
o, of up,. Backtracking is costly when m is large, and the efforts for
expanding p + (up, v,) are wasted.

Optimizations. The VF3 algorithm of Figure 2 extends the original
algorithm of [28, 29] with the following optimization strategies.

Classification. We adopt graded simulation [80] to compute the
candidate set C(u). Weaker than subgraph isomorphism, graded
simulation pre-filters out vertices in G that cannot match u. Given a
graph G and a pattern Q, it computes the maximum binary relation
G < VoxVg such that (u,0) € G if and only if the one-hop neigh-
bors of u can be “mapped” to those of v. More specifically, (u,0) € G
iff (1) u and v carry the same label; (2) if u has m distinct outgoing
edges (u,l1,u1), . - ., (4, Im, um), then v also has m distinct outgoing
edges (v,11,v1), ..., (0, ln, vm) such that (u1,01), ..., (Um,om) € G;
similarly for distinct incoming edges of u. Relation G can be
computed in O(|V|(|V| + |E|)[Vo|(IVol + |Epl)) time [78].
We include in C(u) all such vertices v in G that (u,0) € G.

Matching order. We adopt the strategy proposed in [23] to give
the matching order O. It starts with the pattern vertex having the



Input: A graph G, a pattern Q, a partial match p, a vertex u in Q
and a vertex v in G.

Output: Whether there exists a full match extended from p.

1. if M(G,Q,p+ (up,vn)) = 57 then

2. return ReduceFP(G,Q,0, T, p);

3. return ReduceFN(G,Q, O, 7T, p);

Figure 3: Procedure IsFeasibley

largest degree, and then iteratively picks the pattern vertex that
has the most backward neighbors. As shown in [112], this strategy
works well for Sublso. Other methods to compute O can also be
used, e.g., topological ordering [23] and reinforcement learning [97].

Example 2: Continuing with Example 1, VF3 finds matches of Q in
G as follows. (1) It first sets a matching order O of Q, e.g., u1, ..., uy,
represented by tree 7~ in Figure 1. (2) Following O, it recursively
enumerates matches in Q(G), mapping u; to vy first, followed by
finding matches of us, ..., uy. It returns the unique full match. O

3.2 Algorithm Template for VF3y

We next outline a template VF3y, for revising the VF3 algorithm,
by incorporating an ML model M into VF3 as an oracle.

ML oracle M. As will be seen in Section 5, we will train an ML
model M that, given a graph G, a pattern Q and a partial match p,
returns a numeric value in [0, 1] indicating the confidence of the
prediction for p to be extended to a full match. We set a configurable
threshold &7 such that M(G, Q, p) > I if the prediction of M is
highly confident to be true, i.e., p is valid. Departing from procedure
IsFeasible in Enumerate that only inspects the 2-hop neighbors of
pattern vertices, M learns topological connections of graphs and
patterns, and directly predicts whether p is valid or not.
Intuitively, when the ML model M is highly accurate, one can
use M instead of IsFeasible. After expanding p with (u,v), VF3)
first calls M to predict whether p + (u,v) can be extended to a full
match; if M returns true, then it extends p with (u, v) just like VF3;
otherwise it does not extend p with (u, v), without backtracking.

Example 3: Consider graph G and pattern Q in Figure 1. There
exists only one match of Q in G, i.e., the leftmost part of G. Note
that the n cycles with two vertices in G cannot match the cycle
with four vertices in Q. Such mismatches cannot be filtered out by
graded simulation [80] in node classification described earlier.
One can verify the following. (1) When VF3 is invoked to
compute Q(G), procedure Enumerate is called 4n + 11 times, one
for each vertex in G, plus the first call by VF3. (2) In contrast, if
we replace IsFeasible with M and if M predictions are accurate,
we only need to invoke Enumerate 8 times, which finds the unique
match of Q in G. Indeed, when M is accurate, it correctly predicts
that the partial match p(u2) = v; (i € [2,n+1]) cannot lead to a full
match, and thus does not call Enumerate for further inspection. O

Template VF3,;. However, when M is not perfectly accurate, it
may incorrectly predict false on a true match and miss the match
(false negative, FN). It may also predict true on false matches (false
positive, FP) and incurs redundant checking. To reduce the impact
of FNs and FPs, we develop VF3j by including two procedures.

Template VF3,, is a mild variation of VF3 with the following. (1)
It replaces IsFeasible (line 8 of Figure 2) with IsFeasiblep; given in
Figure 3. It employs M to predict whether p is valid after expanding
p with (u,0). (2) To reduce FPs of M predictions, when M returns

Input: G, Q, p,u € Q,and v € G as in Figure 3.

Output: true if p is valid.

1. VF3_check := IsFeasible(G, Q, p, un, vn);

2. if M(G,Q,p+ (up,vn)) = S and VF3_check then
3 return true;

4. if M(G,Q,p+ (un,vn)) < S then

5 return false;

6. return VF3_check;

Figure 4: Procedure IsFeasibley; in VF35\)4

true, it may call Boolean function ReduceFP to conduct further
checking (line 2). (3) To reduce FNs of M, when M predicts false,
it may call Boolean function ReduceFN to mitigate bad predictions
(line 3). ReduceFP and ReduceFN serve as backup plans for bad
predictions of M, and will be elaborated in Section 3.3.

3.3 Three VF3) Algorithms

Based on the template, we next develop three VF3, algorithms
with different strategies for reducing FPs and FNs of M predictions.

(1) Do nothing, The first VF3,, algorithm, denoted by VF3%, opts
to completely trust the ML model M. It follows the predictions
of M. Here ReduceFP (resp. ReduceFN) simply returns true (resp.
false) when M predicts true (resp. false). In other words, VF3AN/[ sim-
ply replaces IsFeasible in line 8 of Figure 2 with M(G, Q, p) > 7
for a predefined threshold dt, indicating that M predicts true; the
rest of the VF3 code of Figure 2 remains unchanged.

As will be seen in Section 4, VF3]1:]/[ is (a) consistent even when M
is not accurate, and (b) output-polynomial with a high probability.
However, it may miss true matches when M makes FN predictions,
i.e., the recall of VF3% is impacted by bad M predictions, where re-

call is the ratio of matches returned by VF3§I4 to all matches in Q(G).

(2) VF3 as a backup. We develop VF31(\)/I to improve the recall
of VF3]]:I/1. We set another configurable threshold §f such that
M(G, Q, p) < & if the prediction of M is highly confident to be
false, i.e., p cannot be extended to a full match. Note that 5 < 7.

Algorithm VF3§\)4 replaces IsFeasible of VF3 with Boolean func-
tion IsFeasibley; shown in Figure 4. It makes decisions as follows.
(a) It returns true if both M predicts true (i.e., the confidence of M
is at least d7) and IsFeasible returns true, to reduce FPs (line 2-3).
Here IsFeasible serves as ReduceFP. (b) If M(G, Q, p) < 6, i.e, if
M is highly confident to predict false, it follows the prediction and
returns false (lines 4-5). (c) Otherwise, i.e, when M is confident
enough to predict neither true nor false, it resorts to IsFeasible to
check the two-hop neighbors of u and v as in VF3. That is, IsFeasible
is invoked as ReduceFN to improve the recall (line 6).

We will see that the recall of VF31(\)/I is 1 with a high probability.
Moreover, it is 1-robust with a high probability, and guarantees to
be consistent. As a price to pay, it is unlikely output-polynomial.

(3) Deep checking. When M makes FN predictions, VFBAO/I may
miss valid partial matches and hamper its recall. To reduce FNs, we
develop VF3£I that replaces IsFeasible with IsFeasibleys of Figure 5.
If M predicts false, it conducts deep checking (line 2) as ReduceFN.
Deep checking works as follows. Given partial match p, let
u;, el ul/tp be the remaining vertices of pattern Q to be matched,
in the matching order O. Here k,=|Vp|~|p| and |p| is the number
of pattern vertices in p. Then deep checking first samples a vertex



Input: G, Q, p,u € Q,and v € G as in Figure 3.
Output: true if p is valid.

1. VF3_check := IsFeasible(G, Q, p, un, vn);

2. if M(G,Q,p+ (up,v,)) = 61 and VF3_check then
3. return true;

4. if M(G,Q, p+ (up,vn)) < Of then

5. return DeepCheck(G, Q, p, un, v,);

6. return VF3_check;

Figure 5: Procedure IsFeasibley in VF3AD/I

01 from candidate set C(u7) such that v1 and u] have “isomorphic”
connections with vertices in p, and then expands p with (uj,01).
It repeats the step to sample one vertex v; for each u] (i € [2,kp])
following O, and generates p. = p + (uf,01) + -+ + (ul'cp, vk,)- It
checks whether p. makes a full match and returns true if so.

To reduce FNs, deep checking is conducted for S(kp) times,
where S(kp) = |G|k/’/‘Q| < |G|, following a sampling rate decay
strategy [94]. Intuitively, the more remaining pattern vertices are
(i.e, the larger kj, is), the more deep checking steps are performed.
This strategy is to strike a balance between the complexity and
accuracy. Other strategies can be used instead to reduce FNs.

As shown in Figure 6, DeepCheck generates at most S(k,) exten-
sions of p (line 2). Each extension samples one vertex v; in C(u;) for
each i € [1,kp] (line 3), and forms p. = p + (ui,vl), e (u/,cp’vkp)
(line 4). DeepCheck checks whether p, is valid; if so, it returns true.
It returns false if none of the S(k,) extensions finds a full match.

Example 4: Consider graph G, pattern Q and matching order O (i.e.,
tree 77) in Figure 1. VFBﬁ first selects candidates for each pattern
vertex in Q via graded simulation. It then enumerates matches in
Q(G) following O. Unlike VF3, upon mapping uz to vz, VFBJI‘)/I calls
M to check whether the partial match p is valid. If so, it expands
p by mapping u3 to tzl in G; otherwise, it calls DeepCheck to map
us3, ..., u7 to vertices along the path from t; in G. If DeepCheck
returns false and S(1) = 1, it backtracks without mapping us3 to
another child t22 of v, and inspects other candidates of uj. O

4 Performance Guarantees

This section studies the efficiency and accuracy of VF3,s algorithms.
We report negative (Section 4.1) and positive (Section 4.2) results.
We first present the measures for evaluating these two aspects.

Efficiency. We adopt the following two measures for efficiency.

Output polynomial. As remarked in Section 2, we say that a VF3),
algorithm is output-polynomial for Sublso if its time cost can be
expressed as a polynomial in the size of input (graph G and pattern
Q) and the size of output (the set of matches |Q(G)|).

Competitive ratio. Following [70], we define the competitive ratio A
of a VF3) algorithm w.r.t. a yardstick optimal algorithm such that
cost(Q,G) < A OPT(Q,G),
where cost(Q, G) denotes the cost of VF3, for computing Q(G),
and OPT is the cost incurred by the optimal offline algorithm. The

smaller the ratio A is (A > 1), the more efficient the algorithm is.

Accuracy. Consider a VF3y; algorithm A. We measure the accuracy
. 2-precision-recall

of A in terms of F1 measure: F1(A) = (p':ecisiom. Here the

precision of A is the ratio of true matches found by A to all matches

|OutputnQ(G)|

[Output] * and the recall is the

returned by A, i.e., precision =

Input: G, Q, p,u € Q,and v € G as in Figure 3.
Output: true if p is valid.

let u{ ..... u;c be the remaining pattern vertices to be matched; j := 0;

1
2. for each j sps(k,,) then

3 randomly sample one vertex v; in C(u;}) for each i € [1,k,[;
4. Pec ::p+(u;,01)+---+(u;<p,vkﬁ);j::j+1;
5 if pc is a full match then
6 return true;
7. return false;

. . . D
Figure 6: Procedure DeepCheck in VF3},

ratio of true matches returned by A to all true matches in Q(G),
|OutputNQ(G)|
1Q(G)]

To evaluate the impact of the embedded ML model M on the

accuracy of A, we also study the following two measures.

i.e., recall = , for patterns Q and graphs G.

Consistency. Denote the error rate of model M by n, which is the
probability that M makes wrong predictions. A VF3,r algorithm
A with M is consistent if F1(A) = 1 when n = 0, i.e., when M
tends to be error-free, A finds all and only the matches in Q(G).

Robustness. A VF3y algorithm A with ML model M is B-robust if
F1(A) > f for a bound f regardless of n; i.e., it is still able to find
true matches even when M makes arbitrarily bad predictions.

4.1 Negative Results

We start with an impossibility result.

Theorem 2: No algorithm exists for Sublso that is both output poly-
nomial and B-robust for any positive constant f§ unless fewP = P. O

Here fewP is the class of problems that can be recognized by
nondeterministic Turing machines T in polynomial time and have
polynomially-bounded number of solutions [9]. It is known that
P C fewP [53,81], and fewP = P is likely improbable as P = NP [36].

Proof sketch: We prove that if there exists an output-polynomial
and fS-robust algorithm (A for Sublso, where f is a positive constant,
then fewP = P. Assume by contradiction that such an algorithm
A exists with F1(A) > f; we show that fewP C P. (1) We first
construct a parsimonious reduction from fewP to a subset of Sublso,
denoted by Sublso”, which is the set of Sublso instances C = (0,G)
such that Q(G) consists of polynomially many matches of Q in
G [33, 79]. (2) Using algorithm A, we develop a PTIME algorithm
B to check whether T accepts x as follows: run A to compute
matches Q(G) of Q in G; if A returns at least one match, then
return true, i.e., T accepts x; otherwise, return false. We can readily
verify the correctness of the reduction and that algorithm 8 is in
PTIME. Thus fewP C P and hence, fewP = P by P C fewP [53, 81].
In other words, algorithm A does not exist unless fewP =P. O

4.2 DPositive Results
Despite Theorem 2, we show that VF3,; algorithms VF3N, VF3](\)4

and VF3]€I have certain performance guarantees.
4.2.1 Accuracy. We start with precision and consistency.

Consistency. All the three VF3,s algorithms are consistent.

Theorem 3: Algorithms VF3Y VFSJ?,I and VFSAD/I always (1) have
precision = 1 and (2) are consistent. O

Proof sketch: (1) For precision, observe that every match returned
by the three VF3, algorithms is in Q(G), since it is returned only



when it is full and valid (see lines 1-2 of procedure Enumerate).

(2) When the error rate n of M is 0, we show that the F1 measure of
the three algorithms is 1. It suffices to show that the recall of VF311\V/[
is 1, since the precision of all three VF3, algorithms is 1, and the
recalls of VF31?4 and VF3£I are not smaller than that of VF3AN/I.

For VF3AN4, we show that for each full match p € Q(G), VF3%
returns p when n = 0. Let p1, ..., p|g| be all the partial matches of
p constructed following the matching order O. Since VFSAN,I follows
the predictions of M, and M returns true for each partial match p;
when n =0, VF3% extends p; to pj4q for all i € [1,|Q] — 1]. Since
po = p is full, VF3]\N/I returns p at line 2 of procedure Enumerate. O

Robustbess. We have a lower bound for the robustness of VF 31\N/1
using its output. Here we assume w.lo.g. that the prediction of M
is “monotonically decreasing” (see Section 5), ie., if a partial match
p is extended from partial one p’, when M(G, Q, p’) = false, the
prediction M(G, Q, p) must also be false. Intuitively, since p is
extended from p’, the search space for full matches of p’ is larger,
and when p’ cannot be extended to a full match, neither can p.

Theorem 4: Given graph G and pattern Q, for constant € € (0,1),

. 20ut . .
VF3AN4 is W% -robust with a probability of at least 1 — e. O

Here (a) Output denotes the number of full matches returned
by VF3N: and (b) f(¢) = NyB, where Ny is the number of false

1+9]GI=G I+ [(IGI-1-1GIm)*-4(1- 5)
2n :

predictions of M, and 8 =

Proof sketch: Since the precision of VF3§‘V/I is 1, it suffices to show

that the recall of VF3% is at least Omcsuui%. Let R = Outputy +
Miss, where Miss is the number of matches missed by VF3AN4. Since
Outputy

recall can be rephrased as & we prove an upper bound

tput,+Miss?
for Miss. We show that the number of missed matches for each
false prediction of M is bounded by B with a probability of at least

1- NLN Then, by using the generalized Bonferroni inequality [30],

. Output ;
we show that the recall ofVFBJI:]/I is at least W, ie., VFB%
. Output . o
is W—robust, with a probability of at least 1 — &. a

We next show that VFSJ(\),I and VFSE/I are “almost” 1-robust. As
commonly found in practice, M makes wrong predictions typically
when M(G, Q, p) falls in the range [, d7), i.e., when M is neither
confident to predict true nor certain to predict false. To evaluate
the impact of range [JF, d7) on VF3y,, denote by p,, the ratio of full
matches at which the confidences of M(G, Q, p) are in the range
[6F, 87) to all full matches missed by VF3y;. Denote by Outputy
(resp. Outputpr and Outputp) the number of returned matches at
which M(G, Q, p) is in the range [T, 1] (resp. [JF, d7) and [0, OF)).

Theorem 5: With a probability of at least 1 — ¢, algorithms
o D 2(Output+Outputpr)
VF3M and VF3M are 20utputy+20utput pr+(1—py ) Ny B

2(Output+Output z+Output )
20utput+20utput pr+20utput p+(1-py

-robust and

NN B -robust, respectively. O

Observe that when the ratio p, approximates 1, i.e., when full
matches missed by VF3, fall in [§F, 87), the recalls of VF31(31 and

VF3f/I approach 1 and both algorithms are almost 1-robust.

Proof sketch: We first show that the recall of VF3](\)/1 is at least
Output,+Output ppr
Output+Output pr+(1-py, )Ny B~
Nn8B full matches with a probability of 1 — ¢, as shown in The-
orem 4. VF3](\)/I improves the recalls by further returning the full
matches when the confidences of M are in the range [JF, d7). More-
over, there exist at most (1 — py) N8B full matches at which the

confidences of M are below . Thus the recall of VF31(\)4 is at least
Outputy+Outputpr
Output+Outputpr+(1—py )Ny B

Observe that VF35\V/I misses at most

. The analysis of VF31€I is similar. O

4.2.2  Efficiency. Below we first study when the VF3); algorithms
are output polynomial. We then investigate their competitive ratios.

Output polynomial. VF3% is “almost” output polynomial.

Theorem 6: Given graph G and graph pattern Q, VF3% is output
polynomial with a high probability. For a constant ¢ € (0, 1), VF3]I;]4
runs in |Q||G|(Outputy + 1) X C time with a probability of at least

1+(1-7)|Gl-|GI+V(IG]-1-IG[(1-1))?~4(1-¢)
2(1-n) '

O

1—¢, whereC =

Proof sketch: We show the following: (1) when M is error-free,
VFBIIXI is output polynomial; and (2) when M is not very accurate,

VF3]I:I,I is output polynomial with a probability of at least 1 — &.

(1) When M is error-free, it suffices to show that Enumerate is
called at most O(|G|(Outputy+1)) times. For if it holds, VFBAN/I runs
in O(|Q||G|(Outputy + 1)) time, i.e., VF3AN/[ is output polynomial.
Indeed, consider the following two cases. (a) When M returns
true for a partial match p, p is valid, and the total number of true
predictions is bounded by O(|Q|Outputy). (b) When M returns
false for p, IsFeasibley directly returns false, which is in O(1) time.

(2) We next show that when the error rate of M is n, VF3AN4 is
output polynomial with a high probability. Consider the following
four cases of M predictions: (a) true negatives (TN), (b) FN, (c)
true positives (TT), and (d) FP. Cases (a)-(c) can be analyzed
as in (1). For case (d), denote by S the set of minimal partial
matches ppin such that (i) M returns false on pyiy, and (ii) M
predicts true on all partial matches from which ppiy, is extended.
We show that with a probability of at least 1 — ﬁ, for any

minimal partial match p]; (k € [1,]8]]), there exist at most

1+(1—r7)|G|—|G|+\/(IGI—l—IGI(l—n))Z—‘l(l—ﬁ)
2(1-n)

(FP) predictions when M checks partial matches extended from

pl’c. Then we use the generalized Bonferroni inequality [30]

to show that the number of FP predictions is bounded by

|G|(Outputy + 1) X C with a probability of at least 1 — «. a

false-positive

Remark. (1) By Theorem 2, it is beyond reach in practice to train
an error-free ML model M for Sublso, since otherwise, VF3§\V4 is
both 1-robust and output polynomial. This said, more accurate ML
models for Sublso yield a higher recall for algorithm VF 31\N/I‘ We will
train an ML model for Sublso with high accuracy in Section 5.

(2) In contrast, when p, = 1, i.e., when all those full matches missed
by M fall in the confidence range [JF, 1), VF3](\)4 and VFB?/I call
IsFeasible as VF3, and they behave the same as VF3. Hence unless
M is accurate, they cannot be output-polynomial by Theorem 2.

Competitive ratio. We start with algorithm VFSM.



Corollary 7: Given graph G and pattern Q, for a constant € € (0, 1),
the competitive ratio ofVF3AN4 is 2|G|Cf(Q, M) with a probability of

atleast 1—¢, where C = 1+(1—q)|G\—\G|+\/(2|(Cil_—;)—|G\(1—77))2—4(1—s)’

and f(Q, M) denotes the cost for M to make a prediction. O

Proof: The cost of VFB% is bounded by |G|(Outputy + 1) X C X
f(Q, M) with a high probability by Theorem 6. Since the precision of
VF3§I/I is 1, there exist at least Outputy many full matches in Q(G),
and hence Outputy < OPT, i.e, the cost incurred by the optimal
offline algorithm is at least Outputy. Then the cost of VF3]}:]4 is at
most |G|(Outputy +1) X C X f(Q, M) < 2|G|Cf(Q, M) - OPT.In
practice, f(Q, M) is often a polynomial after M is trained. a

L ~ o D
We next study the competitive ratio of VF3;, and VF3;;. Recall

pu given earlier. Let N; = |G|C|Q|py %B.

Proposition 8: The competitive ratio of VF31?A (resp. VF3£I) is
SNe(f(Q, M) +IGlIQI) (resp. 5Ne(f(Q. M) +2IGI*|QI). o

Proof sketch: We prove the competitive ratio for VF3}(\)4' The

analysis of VF3}L\)/[ is similar and hence omitted. We partition the

partial matches into three parts based on the predictions of M:
when M has confidence (a) above d7; (b) between dt and f; and (c)
below 8f. We prove the competitive ratio for each of these cases. O

5 Embedding and Learning

This section trains an ML model M for VF3y;. Given a pattern Q, a
graph G and a partial match p of Q in G, model M predicts whether
p is valid, i.e., whether it can be extended to a full match of Q in G.

Challenges. It is nontrivial to train M. Model M should be (a)
efficient since it is possibly invoked exponentially many times by
VF3)s to make predictions, and (b) accurate to ensure the recall of
VF3ps. Moreover, it (c) has to encode both edge labels and directions
to retain the topology of Q and G, and (d) should be monotonically
decreasing, to ensure the robustness of VF3,; (see Section 4).

One might want to use existing models for subgraph matching
or counting, e.g., D2Match [69], SKETCH [113] and DMPNN [68].
However, these models do not work here since they (1) do not take
partial match p of a pattern Q as input, and (2) even when we extend
these models to predict p, they check only unmatched part of Q
without considering what is already matched in p (see Section 6).

Overview. To tackle these challenges, we train M as shown in
Figure 7. Given graph G, pattern Q and a partial match p (colored
in red in G and Q), we (1) compute the embeddings of vertices in
G and Q using IDGNN; (2) partition G and Q into multiple paths;
(3) aggregate the embeddings of the paths by concatenating their
vertex embeddings; and (4) make a prediction by comparing the
embeddings of these paths in the order embedding space [105].

(1) We employ IDGNN [107] to extract topological information of G
and Q. IDGNN extends vanilla GNNs by incorporating vertex iden-
tities into the message passing procedure, and works better than
GNN in distinguishing non-isomorphic graphs. We further extend
IDGNN to accommodate graphs with edge labels and directions.

(2) For efficiency, we pre-compute embeddings of vertices with
IDGNN for graph G and pattern Q before the enumeration. We
compute the vertex embedding of G (resp. Q) only once, and reuse

them when comparing different patterns (resp. partial matches).

(3) We implement a partition-based strategy [104] to enhance the
accuracy of M. Intuitively, the paths catch topological details of G
and Q, such as vertices being connected along the same path, and
help M make accurate predictions. In contrast, existing models, e.g.,
D2Match [69], SKETCH [113] and DMPNN [68], typically make a
prediction solely based on the embeddings of the entire G and Q,
and may overlook the structural insights provided by these paths.

(4) Given a partial match p, we assign different weights to vertices
based on their inclusion in p, during path embedding computation.
This helps M preserve the existing vertex mappings encoded by the
partial match p. To make M monotonically decreasing, we increase
the confidence score by a constant determined by p, and expand
the training set with known invalid partial matches (see below).

5.1 Graph Embedding
We now present steps (1)—(4) one by one.

(1) Vertex embedding. Given a graph G and a vertex v, GNN
computes an embedding of v via iterative aggregation of the embed-
dings of its neighbors. It gathers the embeddings of its neighbors,
aggregates these embeddings via a message passing function MSG,
and updates the embedding of v with an aggregation function AGG.
These steps are repeated m times, for a predefined parameter m
(a.k.a. the number of layers in GNN). However, such GNN may fail
to distinguish non-isomorphic graphs. It is no more expressive than
1-dimensional Weisfeiler-Leman (1-WL) test [101].

To improve the accuracy of M, we adopt IDGNN, which extends
vanilla GNNs by using different MSG functions for different vertices.
IDGNN is more expressive than 1-WL test and vanilla GNN [107],
and can better distinguish non-isomorphic graphs. More specifically,
it computes the embedding of each vertex v as follows: it (1) first
collects a m-hop subgraph G, centered at v, and (2) then iteratively
computes the embedding of each vertex u in G, by:

hg = Xy, (1)
hi = AGG' ({MSG|(,, _, (W), un € N} h)). ()
Here (a) xy is the initial feature of vertex u in G, e.g., the em-
bedding of its label; (b) AGG! is the aggregation function, which
updates the embedding of u by combining its current embedding
hL with the information of its neighbors collected through the mes-

sage passing function MSGll(unzv); (c) for each neighbor u, of u,

MSGf(u o) (hy,,) constructs a message sent to u using the embed-

ding hfln of up; and (d) I(u, = ) is an indicator function, returning
1 if u,, and v are the same vertex, and 0 otherwise.
Here MSG!

1(u,=0)

IDGNN utilizes distinct message passing functions for v (i.e., MSGi)

is not uniform across all vertices in G, and

and other vertices in G, (i.e., MSGé). To accommodate edge labels
and directions, IDGNN assigns distinct weights to different edge la-
bels when constructing messages for its neighbors via MSG [87]; it
groups and concatenates the embeddings of incoming and outgoing
edges of u when updating the embedding of u [55]. The subgraph
Gy can be computed efficiently by sampling neighbors [49], and is
only used to calculate the embedding of v [107].

(2) Path partition. Given a graph G, we partition G into a set of
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directed paths, denoted by Sg, such that each vertex is included
in at least one path in Sg. To reduce the cost of the partition, a
degree-based strategy is employed, as shown in Figure 8. More
specifically, (a) it first picks vertex vp with the maximum degree in
G (line 1). (b) Then it randomly selects a set Sg of paths, each up
to length [, that contain vg (line 2); here [ is a predefined parameter
to strike a balance between complexity and accuracy [104]. (c) It
next iteratively enriches Sg with additional paths to encompass
vertices that are not yet contained in any path in Sg. This is carried
out by procedure Expand (lines 3-4, not shown), which begins at an
uncovered vertex v, and randomly chooses N, paths following the
direction of edges connected to v’, to collect sufficient information
of o’ for the prediction. Here N, is another predefined parameter
to strike a balance between complexity and accuracy [49]. (d) It
returns Sg once all vertices have been covered (line 5).

(3) Path embeddings. Given a graph G and the set Sg of parti-
tioned paths of G, the embeddings of paths in Sg are computed
as follows: for each path p in Sg, its embedding is obtained by
concatenating embeddings of the vertices along the path. The ver-
tex embeddings in G have been computed using IDGNN in step
(1), and can be reused for different paths. To retain the existing
mappings between vertices encoded by the partial match p, distinct
weights are assigned to vertices that are either part of p or not.
More specifically, given a path p, its embedding is computed as:

ep = Z cley + Z co€y,

vEPNP veNp\p
where (a) ¢; and cy are the weights for matched and unmatched
vertices, respectively; (b) e, is the embedding of v; (c) p N p consists
of vertices appearing in both partial match p and path p, and (d)
p \ p denotes the set of vertices that appear in p but not in p.
Let Sé (resp. Sf) be set of embeddings of paths in Sg (resp.

S), which are extracted from pattern Q (resp. graph G) in step (2).

(4) Prediction. Given S, and Sé, the task is to predict whether
the given partial match p is valid. It directly compares the embed-
dings of paths in Sg and Sp, since these paths encapsulate the
topological information of G and Q, respectively. We utilize the
order embedding space [105] to compare the embeddings of paths
in Sg and Sp. Given paths pg € Sp and p,; € Sg, let their em-
beddings be eq = (ai,...,aq) and eg = (b1,...,by), respectively,
where d is the dimension of the embeddings. The order-embedding
space guarantees that if pg is a subpath of pg, then a; < b; for all
i € [1,d]. Moreover, when Q is connected, the picked paths in G
must be connected too. Hence, if every path in Sg is a subpath of
some path in Sg, and all picked paths in G are connected as in Q,
M returns true, indicating that p can be extended to a full match.

To return the confidence for p to be valid (see Section 3.3), we use
a multilayer perceptron (MLP) to output a number in [0, 1]. Since

Input: Graph G.

Output: A set Sg of paths containing all vertices in G.

1. pick a vertex vy with the maximum degree in G;

randomly pick a set S of paths containing vy;

while a vertex v in G is not covered by S do
Si = Sg U Expand(G, Sg, v);

return Sg;

DA ol o

Figure 8: Path partition

MLP takes vectors as input, we encode the sets Sé and Sé into vec-
tors. Note that a partial match p is valid only when each path pg in
S is a subpath of some path p; in Sg, i.e, a; < b; foralli € [1,d].
Thus, (a) for each path pg in S, we select a path p, € Sg such that
Pq is asubpath of py. (b) Instead of insisting on that a; < b; foralli €
[1,d], we use a margin threshold for the difference between eg and
egs allowing a; > b; for some i € [1, d], to improve the recall and ro-
bustness of VF3y; [31, 96, 106]. Moreover, (c) we employ the Cheby-
shev distance to quantify the distance from eq to 4. The Chebyshev
distance, denoted by dc(eq, ), is defined as max;e[1,4)(b; — ai),
i.e., the maximum difference between their coordinates [20].
Putting these together, we compute the embeddings of S§, and
Sé in two steps. (a) Construct a set S:ath containing one pair
(eq; eg) for each embedding eg in Sé, where eg is the embedding of
a path in 87, that has the minimum Chebyshev distance to eg,
ie, eg = argmin, ¢ Se, dc(e1, eq); and (b) concatenate all pairs

of embeddings in S;ath to generate the embeddings of Sé and

Sé, denoted as eg = H(eq,eg)ESpam eq and eg = ||<eqseg>espath eg,
where || is for concatenation. To illustrate, consider 8¢ = {(1, 2, 3),
(43,1} and S = {(3,1.8,6), (1,2,4), (4,2.8,1),(3.9,3,1)}. Then
S;ath ={((1,2,3),(1,2,4)),((4,3,1),(3.9,3,1)) }, since dc((1, 2, 4),
(1,2,3)) = 0 and d.((3.9,3,1),(4,3,1)) = 0.1 are the minimum
Chebyshev distances from the embeddings (1, 2,3) and (4,3, 1) in
Sé to embeddings in S¢, respectively. Thus, the embedding of Sé
(resp. Sg) isep =(1,2,3,4,3,1) (resp. eg = (1,2,4,3.9,3,1)).

To calculate the Chebyshev distances, we construct d sorted sets,
one for each dimension of the embeddings. For each dimension i, the
embeddings in sets S/, and Sé are sorted by their values at index i.
Given an embedding in S 6, we find the embedding in Sé with the

minimum Chebyshev distance by inspecting these d sorted sets.

Complexity. We analyze the pre-computation and prediction times.

(1) The pre-computation, executed only once, takes O(m(|Q| +|G|)

(- (1GD+£o 10D+ (IGIdS 1 +101dS,) time, to (a) compute vertex
embeddings for both G and Q, and (b) conduct path partitioning.
Here f, denotes the cost of updating embeddings via AGG and
MSG, which is polynomial after M is trained, and [ is the length
bound for partitioned paths. Note that (i) the embedding process
takes m rounds; (ii) for each round, given a vertex v, M takes (|Q| +

|G (fe (IG]) + f2(]Q])) time to update v’s embedding as in Equation
(2); and (iii) path partitioning takes at most O(I(|G|dC,, +|0|d%ay))
time, where d$, (resp. dgax) is the maximum degree of G (resp. Q).

(2) Given a graph G, a pattern Q and a partial match p, the prediction

p p b
takes O(d(P|Q\ + PIGI) + fm) time, where (a) P|Q‘ and P|G\ are the

numbers of paths in Sg and Sg that include vertices of p within Q
and G, respectively; (b) d is the dimension of embeddings; and f;,
is the time required for prediction via MLP, which is polynomial



after M is trained. Observe that (i) only paths containing vertices
in p are utilized for prediction, which improves the recall of M,

and the numbers Ppo‘ and P|pG| of paths are small when [ is small.

(ii) Computing embeddings of paths takes O(d (Plp ot P|pG| )) time,
due to the use of sorted sets and the locality of pattern matching

(see Section 6). (iii) MLP outputs a confidence score in O( f;,) time.

5.2 Training

We next outline the training process for model M. Let Dt denote
the training dataset, comprising tuples of the form (G, Q, p), where
(a) G is a graph and Q is a pattern, and (b) p is a partial match of
Q in G. Denote by D; (resp. D7) the set of positive (resp negative)
tuples (G, Q, p) in D such that p is valid (resp. invalid). We train
model M by minimizing the following margin loss function [96]:

L(Dy) = E E min [max(0, dc (e, eq))||%
+ Pg€Sc
(G.0.p)eD} pa€So

+ Z Z min max(0, & — |max (0, dc(eg, eq))[12)
_ Pg€OG
(G.Q.p)€D7 pg€So

Here |-|2 denotes the Ly-norm, and « is a margin hyperparameter,
to control the separation between positive and negative instances,
thereby enhancing the generalization of the model [73, 93]. The
model M is trained for N epochs, to improve its accuracy [58].

Remark. (1) For model M to be monotonically decreasing, we adopt
the following two strategies. (1) We increase the confidence sore by
e~1P1/2, where | p| is the number of pattern vertices in the partial
match p. Intuitively, the larger |p| is, the smaller e~1P1/2 is, which
would lead to smaller confidence. (2) We enrich the training set
Dt with additional negative tuples derived from existing negative
data in D7.. More specifically, for each negative tuple (G, Q, p) in
D; , where p is not valid, we add K new negative tuples (G, Q, p1),
..+ (G, Q, pk) into D7, where each partial match p; (i € [1,K])
is extended from p [74]. All partial matches py, ..., px are invalid,
i.e., they cannot be extended to a full match, as p is invalid. Here
K = Cs(|Q| — |p|) for some predefined parameter Cs. Intuitively,
we pick Cs vertices from candidate set C(u) for each pattern vertex
u that does not have a match in p, to extend the invalid match p.

(2) Training M is efficient, since it only learns the embedding model
IDGNN and the prediction model. As will be seen in Section 6, M
is fairly accurate with only 5000 epochs in 1.6h.

6 Experimental Study

Using real-life and synthetic datasets, we experimentally evalu-
ated VF3y; algorithms for their (1) accuracy and (2) efficiency and
scalability. We also evaluated (3) the performance of model M.

Experimental setting. We start with the experimental setting.

Datasets. We used four real-life graphs: (1) DBLP [1], a citation
network with 0.3M vertices and 1M edges; and (2) Pokec [4], an
on-line social network in Slovakia with 1.6M vertices and 30M
edges; (3) Patents [65], a U.S. patent citation graph (1975-1999)
with 3.7M nodes and 15M edges; and (4) LiveJournal [3], a free
on-line community graph with over 3M vertices and 60M edges.
To evaluate the scalability of algorithms, we generated synthetic
graphs G = (V, E, L) using datagen [54], controlled by the number
|V] of vertices (up to 4M) and the number |E| of edges (up to 70M).

Method DBLP Patents Pokec LiveJournal

F1 Time (s) F1 Time (s) F1 Time (s) F1 Time (s)
RM 1 772(4825%) 1 3.03(250X) 1 33.28(17.06X) 1 77.79 (27.59X)
CECI 1 3.88(2425%) 1 169(139%X) 1 14.62(750X) 1 34.45(12.21)
DPiso 1 193(1206X) 1 136(112X) 1 1274(653%X) 1  21.60 (7.66X)
VF3 1 252(1575%) 1 414(342X) 1 1350 (6.92X) 1  21.21(7.52X)
VF30 1 017(1.06X) 1 201(1.66X) 1  256(1.31x) 1  3.98(1.41X)
GNNPE 1  022(138X) 1 259(214x) 1 224(1.15X) 1 DNP
MLSearch 0.86 1066.55 (6665X) * Timeout * Timeout * Timeout
VF31[t)/I 0.99 0.16 0.98 1.21 0.98 1.95 0.97 2.82

VF3§ 0.54  0.12(725%) 0.23 1.13(T 6.6%) 0.62 1.90 (T 2.5%) 0.38 2.20 (T 21.9%)
VF33p 0.99 0.13(T 18.8%) 0.94 1.18 (] 2.4%) 0.93 1.95(T 0%) 0.94 2.43 (T 13.8%)

Table 1: Accuracy and runtime; “*’ indicates unavailable due
to timeout (>6h), and DNP (Did Not Preprocess) denotes fail-
ure due to excessive preprocessing time (>6h)

Patterns. For each graph, we generated 100 graph patterns follow-
ing [16, 112]. For each graph G, we first conducted random walks
in G to identify vertices, and then extracted the subgraphs induced
by these vertices. We treated these subgraphs as patterns.

Algorithms. We implemented in C++ (1) VF3YY, VFSJ?/I and VF3JI\)4
(Section 3.3); and (2) a variant VF3¢ of VF3 with optimizations in
Section 3.1 but without using M. We compared with six algorithms
as baselines: (3) VF3 [5], the classic VF3 algorithm; (4) CECI [21],
(5) RM [90], (6) DPiso [50]; these three work just like VF3, but use
different matching orders, filtering strategies and index structures;
(7) GNNPE [104], which applies pruning strategies guided by GNNs;
and (8) MLSearch [102], which enhances VF3 by leveraging the
embeddings of Q and G to predict whether a valid match exists.
We compared our model M (Section 5) with the following: (9)
D2Match [69], which employs deep GNNs and degeneracy for
subgraph matching; (10) MS [102], which is the prediction model
in algorithm MLSearch, and adopts graph attention network for
subgraph matching; and (11) DMPNN [68], which develops dual
message passing neural network for subgraph counting and match-
ing. None of these models supports partial matches p. For example,
given a pattern Q and a graph G, D2Match directly assesses the
existence of a full match of Q in G. For a fair comparison, we
extend these models as follows: given p, first generate pattern
Q" and graph G" from Q and G by removing all vertices in p,
respectively, and then apply these models on Q" and G”.

Environment. We ran experiments on a machine powered with 2
Intel Xeon Gold 6148 CPU @ 2.40GHz with 504 GB memory and
8 Tesla V100 GPU with 32 GB memory. For a fair comparison, we
executed both algorithms for Sublso and model prediction on CPU,
and only trained ML models on GPU. By default, we fixed |Q| =
[Vol + |Eg| = 20, 1 = 0.7 and ¢ = 0.5 (confidence thresholds for
M in VF3,; algorithms of Section 3.3). We ran each test 5 times,
and report the average here. For the lack of space we report results
on some datasets; the results on the others are consistent.

Experimental findings. We next report our findings.

Exp-1: Accuracy. We first report the F1 measure, consistency
and robustness of VF3§\V/I, VF31(\)/I and VF31€I. Since CECI, RM, DPiso,
GNNPE and VF3 return all full matches, their F1 scores are 1.

F1 score. As shown in Table 1, on average, (1) the F1 score of VF311:]4,
VF3$, and VF3Y is 0.44, 0.95 and 0.98, up to 0.62, 0.99 and 0.9,
respectively. (2) VFSf/I is 3% (resp. 54%) more accurate than VF31?4
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Figure 9: Performance evaluation (acc for accuracy and eff for efficiency)

(resp. VFB]IXI), since it employs DeepCheck to reduce FNs.

Consistency. We tested F1(VF3ys) when the embedded ML model
M is error free, i.e, when 1 = 0 (Section 4). To this end, we stored
in Q(G) all full matches found by VF3, and determined whether a
partial match p is valid by checking whether there exists a full match
in Q(G) extended from p, i.e., by treating Q(G) as an ideal model M.
We find that (a) all returned matches are valid, i.e., the precision of
these algorithms is 1, and (b) all matches in Q(G) are returned by the
three, i.e., the recall of these algorithms is also 1. Thus VF3N | VF31(\)4

and VFS?,I are consistent. These empirically confirm Theorem 3.

Robustness. We next tested the robustness. We used five models M
with 0.5, 0.6, 0.7, 0.8 and 0.9 as error rate 5. As shown in Figure 9(a):
(1) with smaller 5 (i.e., more accurate M), all VF3) variants get
more accurate and faster due to reduced redundancy (Theorem 6).
(2) At n = 0.5, F1 scores of VF3P | VFBI(\)/I and VFB% are 0.99, 0.99
and 0.71, respectively; when 7 = 0.6, i.e., when M performs worse
than a coin toss, VF3£I and VF3](\),I still have F1 scores above 0.9.

These are consistent with Theorems 4 and 5. (3) VFBf/I is the most

robust; even at 5 = 0.7, its F1 score is 0.45, outperforming VF3AOA
(0.43) and VF3AN/I (0.21), as DeepCheck improves recall.

The impact of parameters. We also evaluated the impact of |Q|, 1
and 8F on the F1 score of VF3N, VF3]?4 and VFB?/I.

(1) Varying |Q|. We varied the pattern size |Q| from 6 to 22. As
shown in Figure 9(b), (1) as |Q| increases, the F1 scores of VF3YY,

VFE:](\),I and VF3£I generally decrease, since larger patterns make

valid partial matches harder to identify and reduce ML prediction
confidence. (2) VFSf,I outperforms VF3](\)4 and VFSAN,I by 5% and 76%
in accuracy, respectively, as its use of DeepCheck reduces FNs.

(2) Varying 8t. We evaluate the impact of confidence threshold
d1. As shown in Figure 9(c), (1) when 87 varies from 0.4 to 0.7,
the F1 score of VF3% decreases, since not all valid partial matches
get high confidence when M is not error-free, and when 57 gets
larger, more valid matches may be missed. (2) VF31(31 and VF31[\)4 are
less sensitive to 7 since they invoke IsFeasible to reduce FPs, no

matter whether their ML models are §t-confident or not.

(3) Varying 5p. We varied the confidence threshold F for false, as



shown in Figure 9(d): (1) as F increases from 0.2 to 0.5, the F1 scores
of VF31?4 and VF31€I decrease, since M returns false on more partial
matches. (2) VFB?,I is more sensitive to r than to Jt, as larger or
may exclude more partial matches. (3) VF3AN/I remains unaffected
by SF since it does not rely on this parameter (Section 3.3).

Varying S(kp). We varied the number of deep checking from S(k,)
to 35(kp). As shown in Figure 9(e), (1) when S(k,) gets larger,
Fl(VFB?/I) increases, as expected. (2) Fl(VF3?/[) becomes stable
once the number reaches 25(k)), since p is invalid with high proba-
bility when no match is identified after 25(k,) many deep checking.

Exp-2: Efficiency and scalability. We next show that the VF3y,
algorithms indeed speed up the enumeration process for Sublso.
The results are consistent with Theorem 6, Corollary 7 and Propo-
sition 8 for output-polynomial properties and competitive ratios.

Efficiency. As shown in Table 1, (1) VF3£1 (in yellow) beats RM,
CECIL DPiso, GNNPE, VF3 and VF3p by 22.49x, 10.74X%, 6.47X,
1.56X, 8.40x and 1.36X, respectively. MLSearch is 6, 665% slower
than VF3A% on DBLP and fails to terminate on other graphs after
6 hours. (2) VFBAQI is only 14% and 8.8% slower than VF31(\)4 and
VF3AN4 (marked as 1), respectively, but is more accurate due to its
deep checking. VF3 beats RM and CECI since (a) RM is join-based
algorithm, which produces large intermediate results on dense
graphs, and (b) CECI has a threshold for early termination, which we
removed to return all matches, degrading the performance of CECL

Varying |Q|. We varied |Q| from 6 to 22. As shown in Figure 9(f), (1)

VF3]€[ is faster than all the baselines; e.g., when |Q| = 14, it is 21.15X,
20.86X, 4.49%, 9.21x and 1.69% faster than RM, CECI, DPiso, VF3 and
VF3p, respectively; hence, ML models in VF3) effectively reduce
false positives and runtime. When |Q| = 22, VF3£I (resp. VF31(\)4)
are 1.34X (resp. 1.40X) faster than VF3(, the fastest baseline. (2)
VF3£I is almost as efficient as VF31?4, despite additional DeepCheck
calls. Algorithm DPiso’s runtime rises quickly when increasing |Q|,
due to the overhead of building its failing sets to reduce the search
space. GNNPE fails on LiveJournal with more than 60M edges.

Varying |G|. Fixing |Q| = 22, 57 = 0.7 and S = 0.5, we varied the
scale of synthetic graphs G = (V, E) from 0.2 to 1.0. As shown in Fig-
ure 9(g): (1) as |G| increases, all three VF3y; algorithms get slower, as
expected. (2) VF3N VF3](\)/I and VFSﬁ scale well; on graphs with 4M
vertices and 70M edges, they take 4.89s, 5.58s and 5.59s, respectively,
with F1 scores 0.36, 0.94, and 0.97. (3) The VF?’]BI algorithms are up to
13.61X, 6.78%, 3.90%, 4.04x and 2.05% faster than RM, CECI, DPiso,
VF3 and VF3( respectively. Results for GNNPE are omitted due to
excessive preprocessing time (>6h). MLSearch takes more than 6h.

Varying ét. As shown in Figure 9(h), (1) on Patents, when dr
increases from 0.4 to 0.7, the competitive ratio of VFSAN/I gets smaller.
This is because VF3% only returns valid partial matches with high
confidence, and when dr increases, the number of such partial
matches decreases. (2) In contrast, VF31(\)4 and VF3£I are insensitive
to O, since they use IsFeasible as a backup regardless of dr.

Varying 6p. As shown in Figure 9(i), (1) VFBAN/I is indifferent to F as
it does not use this parameter. (2) When 8 increases from 0.2 to 0.5,
both VFBJ(\)/I and VF3AD4 get faster, as they inspect fewer candidate

matches. (3) In this setting, VFSAD/I is on average 16% slower than
VFBZC\)/I, as with larger Jf, VFBf/I invokes DeepCheck more often.

Varying S(kp). We varied the number of deep checks from S(ky)
to 3S(kp). As shown in Figure 9(j), (1) as the number increases,
VF3'>]I\),I gets slower, as expected. (2) VF3'>jI\),I takes 0.2s longer when
the number varies from S(k,) to 25(k,), but its accuracy improves
(see Fig. 9(e)), which justifies the design of VFSf,I (see Section 3.3).

Exp-3: ML model. We evaluated the impact of model M
(Section 5) on the accuracy of VF3y and the cost to train M. Unless
stated otherwise, we fixed m = 2 and N = 5000.

Impact on VF3y algorithms. We tested VF3); variants that take
D2Match, MS and DMPNN as ML model M, respectively. As shown
in Figure 9(k), on average VFB% outperforms these variants by
0.61, 0.05 and 0.07 in F1-score, respectively. This verifies that model
M of Section 5 is more accurate than D2Match, MS and DMPNN.

Varying m. We varied the number of IDGNN layers m from 1 to 4.
As shown in Figure 9(1) and 9(m) on Pokec, the accuracy of VF3y
first improves and then remains stable; optimal performance is
observed at m = 2, since (a) small m provides insufficient context;
and (b) large m causes over-smoothing, making distant neighbors
indistinguishable [101]. VF3,s also becomes the fastest when m=2.

Varying N. We tested the impact of the number (N) of training
epochs. As shown in Figures 9(n) and 9(o), VF3y; achieves the
highest accuracy when N = 5000. This is because (1) when N is
too small, M is under-trained with near-random parameters; but
(2) when N is too large, overfitting occurs, reducing generalization
on unseen patterns. VF3y; becomes the fastest when N = 5000 by
using a more accurate model to filter invalid candidates.

Training cost. We next report the training cost (not shown). (1)
Training M is efficient; when m=2 and N=5000, it converges in 1.6h;
and (2) training gets slower when m or N increases, as expected.

Prediction cost. We compared the impact of different implementa-
tions of M on VF3,;. We implemented ML prediction using (1)
AVX/AVX2 instructions, (2) standard C++ and (3) CUDA, after ex-
tracting model weights from M. As shown in Figure 9(p), VF3;; im-
plemented with AVX/AVX2 and standard C++ outperform the one
with CUDA. This is because the model is lightweight and runs effi-
ciently on CPU, while CUDA transfers data between CPU and GPU.

Summary. We find the following. (1) Speedup. Using ML oracles,
VF3D (resp. V3N VF3()is 22.49%, 10.74x, 6.47x, 156X and 8.40x
(resp. 29.97%, 14.29%, 8.45%, 1.73X, 10.35%; and 27.76X, 13.23X,
7.85%, 1.68%, 9.64X) faster than algorithms RM, CECI, DPiso,
GNNPE and VF3, respectively, up to 48.25%, 24.25%, 12.06X, 2.14X
and 15.75X% (resp. 64.33%, 32.33X, 16.08X%, 2.29x%, 21.0X; and 59.38X,
29.84X, 14.84%, 2.19X%, 19.38X). (2) Accuracy. The average F1 scores
of VF3§[4, VF31(\)/[ and VF3f4 are 0.44, 0.96 and 0.98, respectively, all
with precision 1. Even when the error rate of M reaches 0.5, the
F1 scores of VF3](\)4 and VF3£I remain above 0.9. (3) The accuracy of
the ML model. Our ML model M outperforms D2Match, MLSearch
and DMPNN by 0.61, 0.05 and 0.07 in F1 score, respectively. (4)
Parameter setting. Optimal performance is observed at é1 = 0.75
and 8 = 0.35, striking a balance between the accuracy and



efficiency. To train model M, N=5000 and m=2 work the best.

7 Related Work
We characterize the related work as follows.
Learning algorithms. There has been work on developing ML mod-

els for optimization problems. (1) Most models adopt deep reinforce-
ment learning to incrementally compute solutions, by optimizing
objective functions [61, 83], strengthening the ant colony optimiza-
tion [103], and adopting a learning collaborative policy [63], the
encoder-decoder structure [71], heuristic rules [109] or a force-
directed method [75]. (2) Non-reinforcement models have also
been studied to transform optimization problems to sampling prob-
lems [89, 91, 110], e.g., [89] samples high quality solutions using
Markov chain Monte Carlo; [91] develops graph-based denoising
diffusion models to generate candidate solutions; and [110] models
optimization problems as Markov decision processes, and computes
the solutions by sampling with generative flow networks.

Closer to this work are [68, 69, 113]. Specifically, SKETCH [113]
develops an active learning framework for subgraph counting; it
trains GNN to predict counts, and samples queries to update the
models. DMPNN [68] employs dual message passing neural net-
works for subgraph isomorphism counting. D2Match [69] leverages
deep GNNs and degeneracy for subgraph matching, by transform-
ing the subgraph matching to subtree matching.

This work differs from the prior work. (1) We unify algorithmic
methods and ML models to benefit from both, as opposed to relying
on ML models alone [61, 83]. (2) We study enumeration algorithms
for an EnumP-complete problem, not for decision or optimization
problems [75, 91]. (3) We target ML models for Sublso to scale with
large graphs and patterns, rather than the one-size-fit-all model
of [61, 68, 69, 113] that deal with small graphs. (4) As opposed
to [68, 69, 113], our model checks whether a partial match is valid.

Algorithms with ML oracles. There has also been work on devel-

oping algorithms with ML predictions to improve the efficiency,
categorized as follows. (1) Algorithms for online problems, e.g.,
online steiner tree [100], online bin packing [13], online TSP [44],
online assignment [95], contract scheduling [12], paging [14, 59],
caching [70], frequency estimation [6], index structures [64],
revenue-maximizing auctions [32, 77] and sorting [17]. (2) Prin-
ciples for designing algorithms with predictions. [82] shows how
to develop algorithms for the ski rental problem, and proves perfor-
mance guarantees. [61] combines reinforcement learning and graph
embedding to learn greedy heuristics for online algorithms with ML
predictions. [10] proposes a regression-based strategy to learn ML
models for algorithms for online search such as ski rental and bin
packing, and provides a competitive ratio of upper bound for such
algorithms. (3) Strategies to improve the performance of algorithms
with prediction, e.g., [11] redesigns ML models by incorporating
optimization benchmarks in the loss functions; [15, 37, 48, 72] com-
bine the predictions of multiple ML models; and [35, 39] minimize
the cost of ML predictions when the input distribution is given.
Closer to this work are [97, 99, 102, 104]. RL-QVQ [97] generates
high-quality matching order for subgraph enumeration by employ-
ing reinforcement learning. GNNPE [104] provides an enumeration
algorithm for Sublso, which partitions graph patterns into multiple
paths, and prunes candidates of these paths using their GNN-based

embeddings. MLSearch [102] trains a GNN model to filter partial
matches by ranking degrees and labels, and develops a sampling
algorithm to alleviate network training collapse. OptMatch [99]
uses partial embeddings to find the first matches.

This work departs from the previous work in the following. (1)
We study enumeration algorithms, not (the existence of) a single
solution for a decision or optimization algorithm. (2) We focus on an
EnumP-complete problem, rather than tractable (e.g., sorting [17])
or NP-complete problems (e.g., TSP [44]). (3) We study the consis-
tency and robustness to characterize the accuracy of VF3y,, not just
to measure the cost of algorithms as in [97, 99, 102, 104]. (4) We ex-
tend a partition-based strategy to enhance the accuracy of M in pre-
dicting partial matches, while [102] makes a prediction based on the
embeddings of the entire G and Q, and [99] extends partial matches
by aggregating node features using attention mechanism. (5) We
improve backtrack-based algorithms for Sublso with ML oracles,
while [104] targets join-based methods by filtering paths via GNNs.

Algorithms for Sublso. Prior work on Sublso algorithms can be cat-
egorized as follows. (1) Exact algorithms, e.g., CECI [21], DPiso [50],
VEQ [62], RM [90], CFL [22] and PathLAD+ [98], which work al-
most the same as VF3 (Section 3.1), except that they explore different
strategies to (a) determine the matching order, (b) compute can-
didate matches for pattern vertices, and (c) develop different data
structures to build indices (see [112] for a recent survey). Different
from VF3, [26, 104] enumerate all matches using the join frame-
work after filtering candidates. (2) Approximate matching, which
(a) first selects candidate matches for each pattern vertex via simi-
larity score functions [114], the Jaccard similarity and chi-square
statistic [40], or statistical significance and Chebyshev’s inequal-
ity [7], and (b) then computes approximate matches by removing
edges and vertexes from given graphs [84], using a neural distance
function to find approximate edge alignment between patterns and
graphs [86], composing the matches of spanning trees [111], com-
puting the match covers [88] or adopting genetic algorithms [18].
(3) Enumeration speedup, e.g., [38, 46, 47, 52, 67] develop parallel al-
gorithms for Sublso; [51, 108] enumerate matches of path patterns;
[66] lists cliques in graphs; and [60] accelerates the enumeration
by matching isolated vertices using bipartite graph matching.

Our algorithms for Sublso differs from these methods in the
following. (1) We develop enumeration algorithms with ML pre-
dictors, as opposed to enumerating all possible candidate matches
as exact algorithms, e.g., CECI [21] and DPiso [50]. (2) No matter
whether the ML predictor is error-free or not, our algorithms re-
turn exact matches, instead of approximate matches [8, 114]. (3) We
provide performance guarantees (consistency and robustness) for
our enumeration algorithms, which have not been studied before.

8 Conclusion

This work advocates an approach to enumeration problems by
unifying algorithmic methods and ML predictions. (1) We show
that Sublso is one of the hardest problems in EnumP, and for such
problems, it is beyond reach in practice to find an algorithm that
is both output-polynomial and S-robust for a constant  unless
fewP = P. (2) This said, we develop VF3, algorithms that extend
VF3 with an ML model M to predict partial matches. We show
that these algorithms are consistent, robust with a high probability



when M makes bad predictions, and output-polynomial with a high
probability. (3) We train such a model M via order-embedding space.
(4) Our empirical study has verified that the VF3,; algorithms work
well, and the approach is promising since ML techniques evolve.

One topic for future work is to further improve the accuracy of
model M by fine-tuning for different types of graphs and queries.
Another topic is to extend the study to other problems in EnumP.
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Figure 10: The construction in the reduction

Appendix
Proof of Proposition 1

The Sublso problem is in EnumP, since it is in PTIME to verify
whether a given mapping is an isomorphism. To show the EnumP-
completeness of Sublso, we next construct a parsimonious reduc-
tion from an existing EnumP-complete problem ITgat [19].

Given a 3SAT formula ® = C; A...ACy, we construct an instance
of the Sublso problem, i.e, a graph G = (V,E) and a pattern Q,
such that each satisfying truth assignment of @ is in one-to-one
correspondence with a match of Q in G. More specifically, the graph
G = (V,E, L) and the pattern Q are constructed as follows:

(1) Graph G = (V,E,L) represents relations between different
truth assignments of the 3SAT instance ®. More specifically, (a)
V= Uie[l’n]{vl"l,...,vl‘j}, i.e., for each clause C; (i € [1,n]), V
contains seven vertices v;1,...,0;7 such that each vertex corre-
sponds to a satisfying truth assignment for C;; (b) the edges in E
connect consistent assignments, i.e., given two vertices (i.e., two
truth assignments) v; ; and vy ;, there exist two directed edges be-
tween v;; and v labeled 7, ie., (v;, 7,0 ) and (vg g, 7,05), if
their common variables are assigned the same values in the two
assignments; and (c) the function L assigns the labels as follows:
vertices v 1, ..., 07 carry label I; to represent clause C; in ®.

For example, let ® = (x1 Vxa Vx3) A(x1 VX2 Vas) A(x1 Vg Vxg).
Figure 10 shows parts of the graph G. (a) The seven vertices on the
top represent the seven satisfying assignments for the first clause
x1 V x2 V x3; (b) there exist two directed edges between vertices
v1,1 and vz 1, since v1,1 and vy 1 represent assignments {x; = 0,x2 =
0,x3 = 1} and {x; = 0,x2 = 0,x5 = 1}, respectively, and the two
assignments are consistent, i.e., the same variable is assigned the
same value; (c) there does not exist an edge between vz 1 and v3 2,
since variable x3 is assigned different values 0 and 1; and (d) vertices
v11,...,01,7 (ie, the seven satisfying truth assignments for the first
clause) carry the same label I1; and the vertices for the second and
third clauses carry labels I; and I3, respectively.

(2) Pattern Q is a clique of size n, i.e., the number of clauses in ®.
Vertices vy, . .., 0, in Q carry distinct labels I1, . . ., I, respectively.

This completes the construction of G and Q. Clearly, G and

Q can be constructed in PTIME, since (a) there exist 7n vertices
and at most 49n® many edges in G, and (b) Q has n vertices

and n(n — 1) many edges. We show that this is a parsimonious
reduction following [19]. That is, each satisfying truth assignment
of @ is in one-to-one correspondence with each clique in G.

(=) Given a satisfying truth assignment p of ®, we construct a
match A of Q (i.e, a clique of size n) in G as follows: for each clause
C; carrying variables x; 1, x; 2 and x; 3, vertex v; in Q is mapped to
a vertex v; j in G representing the assignment x; 1 = p(x 1), xi2 =
p(xi2) and x; 3 = pi(x;3). The mapping is unique, since the truth
assignment of C; is fixed in p, and there exists a unique vertex
labeled [; representing this truth assignment. Hence the reduction is
parsimonious. It remains to show that there exists an edge between
h(x;) and h(x;) for any i, j € [1,n] with i # j. Indeed, since all
clauses in ® are satisfied under the truth assignment y and each
variable is assigned only one value in y, the truth assignments
represented by h(x;) and h(x;) are consistent, i.e., the same variable
is assigned the same value. So, there exists an edge between h(x;)
and h(x;) for i, j € [1,n] withi # j. Thus his a full match of Q in G.

(<) Given a full match h of pattern Q in graph G, we deduce a
satisfying truth assignment p of ®. More specifically, since the
labels of vertices in G are distinct, each vertex v; in Q is mapped to
a satisfying truth assignment of clause C;. We define y as follows:
assume that clause C; carries variables x; 1, x; 2 and x; 3, and vertex
h(v;) in G encodes the truth assignment x;; = c1,x;2 = ¢ and
xi3 = c3; then we set p(x;1) = c1, p(xi2) = c2 and p(x;3) = cs.
This truth assignment is unique, since the full match 4 is fixed and
each vertex labeled /; in G represents only one truth assignment
of C;. Hence the reduction is parsimonious. We next show that p
is a satisfying truth assignment of ®. Indeed, (a) y is consistent,
since Q is a clique, and edges link only truth assignments that are
consistent; and (b) ® is satisfied by the assignment y, since each
vertex v; in Q is mapped to a satisfying truth assignment of clause
Ci, and pattern Q has n vertices carrying different labels. a

Proof of Theorem 2

We show that no algorithm exists for Sublso that is both output poly-
nomial and f-robust for any positive constant f unless fewP = P.
It suffices to show that there exists no output polynomial algo-
rithm for Sublso whose recall is larger than 0. We prove that if such
algorithm exists, then we can deduce fewP C P. Then fewP = P.
Assume that there exists an output polynomial algorithm A for
Sublso whose F1 score is at least f. We show that fewP C P. We
construct a reduction from fewP to a subset of Sublso, denoted by
Sublso®, which consists of Sublso instances B = (Q, G) such that
there exist polynomial many matches of Q in G. Let A = (x, M) be
an instance of fewP, where x is the input and M is a nondetermin-
istic Turing machine. We can construct a parsimonious reduction
from A = (x, M) to an instance B = (Q, G) in Sublso® following [33,
79]. Here a parsimonious reduction is a PTIME reduction preserving
the number of solutions (see Section 2; [81]). Using A, we develop
algorithm 8 to check whether M accepts x as follows: run A to
compute Q(G); if A returns at least one match, then return true,
i.e., M accepts x; otherwise, return false, i.e., M does not accept x.
We next show the correctness of the reduction. That is, if the F1
measure of (A is larger than 0, then $B runs in polynomial time and
correctly answers whether M accepts x. In the following, assume
that A is output polynomial and the F1 measure of A is above 0.



(1) We first show that algorithm $ runs in polynomial time. Indeed,
(a) since A = (x, M) belongs to fewP and the reduction preserves
the number of solutions, the number of matches in Q(G) is bounded
by P(|x|, [M|) for some polynomial P, where |x| and |M]| are the
sizes of x and M, respectively [81]. Meanwhile, (b) since algorithm
A is output polynomial, A runs in P; (P(|x|, [M|)) time for some
polynomial P;. Therefore, algorithm $ runs in polynomial time.

(2) We next show that if the F1 score of algorithm A is larger
than f, then 8 can correctly answer whether the Turing machine
M accepts the input x. This is to show that M accepts x if and
only if A returns at least one match. (1) When A returns at
least one match, by the reduction, there exist polynomially many
accepting computations of M on x. That is, M accepts the input
x. (2) On the other hand, if M accepts x, the number of accepting
computations is bounded by a polynomial P, (|x|, |[M]|) > 0. From
the parsimonious reduction, there exist P2 (|x|, |[M|) many matches
of Q in G. When the F1 measure of algorithm A is larger than 0,
A returns at least one match, since P(|x|, |M|) > 0.

Therefore, there exists a polynomial time algorithm 8 that can
answer whether M accepts x. Then fewP = P. a

Proof of Theorem 4
Since the precision of VF3AN/I is 1, it suffices to show that the recall of

VF3§I/I is at least Output

Output+f (@) with a high probability. Then one can

N y _ 2-precision-recall _ 2.recall 20utput
see that Fl(VFsM) ~ precision+recall T 1+recall = 20utput+f(¢) "

Let R be the number of all matches of Q in G, i.e., R = |Q(G)|.
Then R = Output + Miss, where Miss is the number of missed

matches. Since recall = %, to prove the lower bound
for the recall of VF3§I4, it suffices to prove an upper bound for

Miss. We prove that the number of missed matches for each
false prediction of M is bounded by B with a probability of at

least 1 — 3&. Here Ny is the number of false predictions of
Ny

M, which can be recorded during the running of VF3%, and
147|G|= |G|+ [(IG|-1-|Gln)*-4(1- 57;)
- \/ 5 ™ . If this holds, we use

n
the generalized Bonferroni inequality [30] to show that the recall of

VF35‘V/I is bounded by - Output

Output+Ny B with a probability of at least 1 —e.

That is, we prove the theorem in the following two steps.

(1) We first show that the number of missed matches for each false
prediction is bounded by 8 with a probability of at least 1 — NLN
Let p be a partial match on which M returns false. Let
Y1, ..., YN, be all full matches that are extended from p. Since M is
monotonically decreasing, M returns false for all partial matches
extended from p. Because the error rate of M is 1, we show that
the probability that all of Y1, ..., Y, are missed is less than NLN
More specifically, the probability can be computed as follows:

P(YiN...NYN,)

N7 N7
s1—<zlp(?i>—l .ZN P(YinY)) (1)
i= =i<j<Ng

Ny No
<i-(Nr- > P - > PMWP(Y)) ()
1=i<j<Ngy 1=i<j<Ng
AY;®Y; A (Y:®Y;)
Ng Ng
<1 =Ny + 15rI6n + (N7 = 12016 3)

<1-nN7+N7|Gln + Nan?~Ng|Gly?
<n®N&+ (|G| =1 - [Gln)pNy+1

Inequality (1) holds due to the inclusion-exclusion principle [30].
The predicate Y; ® Y; in Inequality (2) denotes that full matches
Y; and Y; share the same partial matches, i.e., the predictions of
M on Y; and Y; are not independent. Inequality (2) holds since we
assume that for any two partial matches p; and pg, if they have
two different vertices in G mapped to the same pattern vertex
u; in Q with i # |Q], i.e, u; is not the last pattern node in the
matching order O, then the predictions of M on p; and p; are
independent (see below). Here (a) the probability P(Y;) of making
an FN prediction is 1; (b) VF311:]4 enumerates all candidate matches
for the last pattern node u in the matching order O, without using
M. Inequality (3) holds since (a) each full match A has at most |G|
many full matches sharing the same partial match p, where the
mappings of all pattern vertices except u are fixed, and (b) VF3AN4
directly enumerates candidate matches of u without using M.

The independence assumption for ML models has been used in
the analysis of ML models [45, 56, 57, 101]. Intuitively, given two
partial matches p; and p; that are independent, the prediction of
M on p; does not use the prediction on py, and vice versa [57].
Then we can extend p; and py to graphs, in which the predictions
of M on pg and p; are independent. More specifically, (a) we can
construct two graphs G; and Gz such that (i) both p; and p; are
partial matches of Q in G and Gy, respectively; and (ii) p1 (resp.
p2) is a valid (resp. invalid) partial match. When the precision of
M is high, the predictions of M on partial matches p; and p; are
different. (b) Similarly, we can construct two graphs G| and G}
such that (i) both p; and p; are partial matches of Q in G] and
G, respectively; and (ii) the predictions of M on p; and p are
the same. That is, we cannot determine the prediction of M on p;
based on the prediction of M on py, and vice versa.

By setting N,%.r]z + (|Gl =1 - |Glp)pN-+1 < NLN we have
1+9|G|-1Gl+/(IG|-1-|Gln)*-4(1-x)

that N < \/ o] "N Then with a
probability NLN’ the number of missed matches is bounded by

1477|G| = |G+ [(IG]-1-|Gly)*-4(1- )
= \/ N_ for a false prediction

2n
of M.

(2) Using the generalized Bonferroni inequality [30], we show that
the recall of VF3]I\V/I is bounded by (MOPS,:—E;}NB
of at least 1 — ¢. Let p1,.. ., pn,, be all false predictions of M, and
P(p1),...,P(pny) be the probabilities that VFB% misses at most 8
full matches for each false prediction p; (i € [1, Nas]). Then the gen-
eralized Bonferroni inequality states that the probability that VF3AN4
Ny
misses N8B many full matches is no less than }, P(p;) —(Ny—1),
i=1

with a probability



Ny
ie,P( (  pi) = X2 P(pi)-(Ny—1),where () pjdenotes
i€[1,Ny] i=1 i€[1,Ny]
that all false predictions miss at most Na/8 many full matches.
As shown above, P(p;) > 1— NLN with i € [1, Ny/]. Based on the

generalized Bonferroni inequality, we have that P( (| p;) >
i€[1,Ny]

Ny

3 P(pi) = (NN =1) 2 Ny(1= ) = (Ny =D =1-e. O

i=

Proof of Theorem 5
We prove the lower bounds for VF35\)/I and VFB?,I as follows.
(1) We first show that the recall of VF3AO/I is at least

Output+Outputpr
Output;+Outputpr+(1-p, )Ny B

with a probability of 1 — «.

Observe the following. (A) for full matches, the predictions of
model M can be categorized as follows: the confidence of M is (a)
above d7; (b) between d1 and Jf; and (c) below g. (B) The numbers
of full matches in cases (a) and (b) are Outputy and Outputgr, re-
spectively. (C) There exist at most (1 — p,) No'B full matches of
class (c) with a probability of 1 — ¢, and all these full matches are
missed by VFBIC\)/I, Indeed, (i) there exist at most N8 full matches
at which the confidence of M is in the range [0, §7), as shown
in Theorem 4; and (ii) among these matches, there exist at most
(1 — pu)NnB full matches at which the confidences of M is be-

low &F, by the definition of py. Thus the recall of VFB% is at least
Output+Outputpr
Output;+Output pr+(1—pu ) Ny

7 With a probability of 1 —e.

(2) The analysis of VF3AD/I is similar, except that (a) there ex-

ist Outputy returned matches at which the confidence of M is

in the range [0,SF). Therefore, the recall of VFSﬁ is at least
2(Output+Outputp+Outputy)

20utput;+20utput pr+20utput p+(1—py )Ny B

with a probability of 1 —«.

This completes the proof of Theorem 5. a

Proof of Theorem 6

We prove the theorem in two steps: (1) when M is error-free (i.e.,
n =0), VFBAV/I is output polynomial; and (2) when the error rate of
Misn, VF3§]/[ is output polynomial with a probability of at least
1 — ¢. To prove (2), we use an inequality deduced when proving (1).

(1) We first show that when n = 0, VF3]]:I/I is output polynomial. It
suffices to show that M makes at most O(|G|(Outputy + 1)) many
false predictions, which will be used to prove (2). If it holds, VF311\V/[
runs in O(|Q||G|(Outputy + 1)) time, i.e., VF3AN4 is output polyno-
mial. Observe that (a) when M returns true for a partial match
p, there exist full matches extended from the partial matches, and
the total number of true predictions is bounded by O(|Q|Outputy);
and (b) when M returns false for a partial match p, VF3AN4 discards
p and continues to check other partial match.

We next show that M makes at most O(|G|(Outputy + 1))
many false predictions. To this end, we first define a partial order <
over partial matches. More specifically, given two partial matches
p1 and pa, denote by pa < p1 if p; is extended from p;. Denote by
S the set of minimal partial matches pp,;i, satisfying the following
two conditions: (1) M returns false on ppiy, and (2) M returns
true on all partial p, matches such that pp < pmin, i.€., Pmin is

extended from p;,. Then |S| < |G| X (Output + 1). Indeed, for each
minimal partial match pj, consider the following two cases: (1)
when there exists a true prediction p” such that p’ < p} and p]
is directly extended from p’, the number of such minimal partial
matches is bounded by the number of true predictions, i.e, Output.
(2) When p; is not extended from a partial match at which M
makes a true prediction, since the error rate of M is 0, pl’. can
only be extended from the initial partial match . Note that VF3AN4
does not expand any partial match at which M makes a false
prediction. So only the first pattern vertex u in the matching order
O is mapped in p;], and the number of such partial matches is
bounded by |G|, since u; has at most |G| many candidate matches.

(2) We next show that when the error rate of M is 5 > 0, VF3§J4
is output polynomial with a probability of at least 1 — . Consider
the following four cases of the predictions of M: (a) true-negative
predictions, (b) false-negative predictions, (c) true-positive
predictions, and (d) false-positive predictions. For cases (a) and (c),
we can verify that M is output polynomial as in (1). For case (b),
we can verify that the number of such predictions is bounded by
|G|(Output+1), similar to the inequality in (1) (see more about this
below). For case (d), we show that the number of such predictions
is bounded by |G|(Outputy + 1) X C with a probability of at least
1+(1-n)|GI-IG+V(GI-1-|G|(1-n))?~4(1~¢)
2(1-n) :

1— ¢, where C =

(I) At first, we define the minimal partial matches as in (1). Let
S = {p1,..., px} be all partial matches on which M makes false
positive predictions. Assume that p7,..., p" 5| are all the minimal
partial matches in S based on the defined order <. Moreover, we
can show that |S| < O(|G|(Output + 1)) due to the proof in (1).

(I) We first show that with a probability of at least 1 — ﬁ for

any minimal partial match pl’( (k € [1,]8]]), there are at most
1+(1—17)|G|—|G|+\/(|G|—1—|G|(1—:7))2—4(1—@)
2(1-n)

(FP) predictions when M checks partial matches extended from
pl’(. Let Y,..., YN, be all FP predictions when M inspects partial
matches extended from pl’c. As the error rate of M is n, we show
that the probability that Y1,...,Yn, are all predicted true is less
than \_§| More specifically, the probability can be computed as:

false-positive

P(1; ﬂ...ﬂYNk)

Nk Nk
<= PW)- Y. P%NY)) (1)
i=1 1=i<j<Ng
Ni - Ng o
SI-(-pNe— > P - > PMW)P(Y)) ()
1=i<j<Ng 1=i<j<Nj
/\YiGBYj /\ﬂYiQBYj

<1-(1- )N+ %"'mﬁ(l S+ (N - fé—"'|c|2)(1 0 @)

<1—(1-n)Ng + NglGI(1 = n) + N2 (1 = n)* = N¢|GI(1 - p)?
<(1-n?NZ+(IGl - 1-|GI(1 =) (1 - nNg + 1

Inequalities (1), (2) and (3) hold due to the same reasons given
for their counterparts in the proof of Theorem 4. Different from
the proof of Theorem 4, the probability P(Y;) of making a correct



prediction?iwithi € [1, Ni] is 1—n. Recall that Y; (i€ [1, Ni]) de-
notes that M makes a false prediction on a partial match extended
from the minimal partial match p/, which is a correct prediction.
By setting (1-7)2Ni.2+(|G|-1=|G|(1-1)) (1-n) Ng+1 < ﬁ,we
, 1+(1*r7)\G|*|G|+\/(|G\*1*|G\(1*r7))2*4(1*ﬁ)
have that N, < C’ = 2= .
Then with a probability of at least ﬁ, the number of false-positive

predictions is bounded by C” for each minimal partial match p; .

(IIT) Using the generalized Bonferroni inequality [30], we show
that VF3AV4 is output polynomial with a probability of at least
1—e Letp],... ,p|'S| be the minimal partial matches in S, and

P(p)), ..., P(p"s‘) be the probabilities that VF3AA/II makes at most

C’ FP predictions for each minimal partial match p; (i € [1, |S][]).

Then we show that the probability that M makes at most |S|C” FP
1SI

predictions is no less than . P(p;)—(|S|-1),ie,P( (| pj) =
i=1 i€[1,]S]]

ISI
2 P(p;) = (IS|=1), where
=1 i€[1,]S]]
partial matches leads to at most |S|C’ FP predictions.
As shown above, P(p}) > 1 - ﬁ with i € [1,|S]]. Based on the

N p)=
ie[1]S]]

P} denotes that all |S| minimal

generalized Bonferroni inequality, we have that P(

ISI
§1P(P§) —(SI-1) 2SI -5 - (SI-1) =1-=

IA

Therefore, the number of FP predictions is bounded by |S|C’
1+(1—f7)|G\—\G|+\/(|G|—1—|G|(1—f7))2—4(1—§) B

|G|(Outputy+1) x

2(1-n) -
IG|(Outputy + 1) x 1+(1-7)|Gl-|GI+V (G| -1-|G|(1-1))?~4(1~¢) _
2(1-n) B
|G|(Outputr+1) x C with a probability of at least 1—e¢. O

Proof of Corollary 7

It suffices to show that the complexity of VFSAN,I is bounded by

2|G|Cf(Q, M)-OPT(Q, G) with a probability of at least 1—¢, where
OPT is the cost incurred by the optimal offline algorithm, and
f(Q, M) denotes the cost for M to make a prediction. Observe that
(1) the cost ofVF3§\V/I is bounded by |G|(Outputy +1) X C X f(Q, M)
with a probability of at least 1 — & by Theorem 6; and (2) Outputy <
OPT, i.e., the cost incurred by the optimal offline algorithm is at
least Outputy, since the precision of VF3AN4 is 1, and there exist at

least Outputy many full matches in Q(G). Then, the cost of VF3AN/I
is at most |G|(Outputy +1) X C X f(Q, M) < 2|G|Cf(Q, M) -OPT
with a probability of at least 1 —¢. So, the competitive ratio of VF3]1;]4
is at least 2|G|Cf(Q, M) with a probability of at least 1 — e. O

Proof of Proposition 8

(1) We first prove the competitive ratio for VF3](\)4. We partition the
partial matches into three parts based on the predictions of M:
(a) when M has confidence above 7; (b) when M has confidence
between o7 and Sf; and (c) when M has confidence below &f.

We analyze these parts as follows:

(A) For part (a), the computation is similar to that of VE3N, except
that VF3]?4 calls IsFeasible. Because the complexity of IsFeasible is

bounded by |G||Q| [29], and the complexity of VFB% is bounded
by |G|(Outputy + 1) x C x f(Q, M) (see the proof of Corollary 7),
the complexity of VF31(\)4 is bounded by |G|(Outputy + 1) X C X
(f(Q. M) +GlIQI) < 2[GIC(f(Q. M) +IG|Q]) - OPT.

(B) For part (c), it simply returns false, and its cost is bounded by the
number of false predictions just like in the case of VF3§\V/I. However,
some of these predictions may be further checked via procedure
IsFeasible. Therefore, the complexity in this case is also bounded
by 2|GIC(f(Q, M) +1GI|Q]) - OPT.

(C) For part (b), the number of full matches at which M has con-
fidences in the range [JF, d7) is at least p, No'B by the definition
of py. The complexity of part (b) is bounded by p, NoB|0Q||G| <

PuBRrOPTBIQIIG! < pu g BIOIIG] - OPT.

Putting these together, the competitive ratio of VF3§)/I is
bounded by 4[GIC(f(Q,. M) + [GIIQ]) + Pu%8|Q||G| <
5|G|C|QIPU%BU(Q,M) +|GI|Q]) = 5N (f(Q. M) +1GIIQ)).

(2) For the competitive ratio of VF3P | observe that compared with
VF3](\)4, VFB»f,I further conducts deep checking to reduce FNs. The
complexity of deep checking is bounded by |G|?|Q], since it is con-
ducted for at most |G| times, and each deep checking takes at most
|G||Q| time. Similar to the analysis of VF31(\)4, one can verify that the

competitive ratio 0fVF3§)/I is bounded by 4|G|C(f(Q, M) +|G||Q|+
IGIIQD) + pugaigi BIQIIG] < 5IGICIQIpu o BU (O M) +
2|GI1QN=5Nc (f(Q, M) +2|GI*|Ql). =
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